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1. Some Additional Mathematics of the k-hat Exponential as a Rotation Matrix

The first document | wrote on this topic, k-cross and the k-hat exponential, showed that i = kx (k-cross) is the complexnumber for the
xy-plane and then demonstrated the equivalence between the k-cross basis exponential expk and xy-plane rotation matrix by what |
termed diadic expansion of the components of the operator. As an alternative to diadic expansion, presented here is another way to
obtain the rotation matrix from the k-hat basis exponential expk, that is, the rotation matrix from what was formally known as the
complex exponential (the exponential of i = kx). This method makes use of showing the matrix basis components explicitly and
operating the unprimed left-to-right k-hat basis exponential expk on the unprimed basis ectors, that is, on the column basis
vectors in the matrix basis. This is very relevant to the theory of Hermitian matrices and potentially greatly increases the utility and
proficient application of such theory.

The first line of maths is multiplying expk from the left with the identity I on the right (which is expk operating on I)

100 [ 0 o0 1Wi* ofj oik') [e™ii* oij  oik’
exp(ﬁb):e“*l:e”* 01 0[=| 0 e* o0 [=e®|0]i" 1jj" 0ojk'|=| oji* e*jj o0jk'
001 0 0 e oki' Okj' 1Kk’ oki'  O0kj' e’ Kk’

from which expk then operates on the unprimed components in the matrix basis (of I). Substituting Euler’s form expk &= cisk 8 for
the basis exponential, e’ =cosé + (sin @)k x , on the components on the identity’s diagonal

(cosk@+sink¢9|€x)ff‘ 0i j' 0ik'
exp(ﬁl?x): oji’ (cosk9+sink6'|2x)jj 0jk
oki" ok j' (cosk0+sink9|2x)I2I2'
(cosk0|+smk0kxf)“ 0i j' 0k’
= 0ji’ (cosk91+5|nk9kxj)j 0jk:
ki i (cosk@li+sink9|2><l2)l2‘
(Fcoso+ jsing)i" oi j' Oik' | [(ii'coso+ ji'sine) 0i j’ 0k
= oji’ (icosﬁ—fsin@)i‘ 0jk' |= oji (]]'cos@—fi'sma) 0jk'
ki ok j' (|21)|2' 0ki" 0Kk j' (|2|2'1)
(II cos@) (0—ising)i j* Oik'
=| (0+sin6)ji" (]]'0030) 0jk:
oki 0k j’ (|2|2'1)
cosfii' —sin@ij' 0ik'
=|singji" cos@jj O0jk'
oki* oK} 1KK'

which is the basis exponential expk in rotation matrix form. Here, noting that the diagonal components of the identity matrix,
which are operated on by expk, are the components that are introduced in a diadic expansion by the components of expk. So this is
essentially a more enlightening way of doing the same thing as diadic expansion. If it is just doing the same thing, then, then why
bother? Because this approach can be varied to positions other than entries on the diagonal, specifically for the context of (this and
other) Hermitian matrices. For example, if expk or i = kx or any of the other basis functions (such as expj, expi, jx, or ix) are
located on entries other than the diagonal then this same approach is the approach that would be required. The shifting of i = kx (k-
cross) around appropriately in the identity and expanded basis-exponential (Euler form) also demonstrates that rotation matrices are
Hermitian. The definition of a Hermitian matrix is that the matrix is the transpose (7) of its conjugate (”). So the k-hat basis
exponential expk, and equivalently the xy-plane rotation matrix, is Hermitian since

exp(QIZ x)=exp(—¢9|2x )T
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that is, the (k-hat) basis exponential expk is the transpose of its own (k-cross) conjugate. In the previous complex number
terminology, this is saying that the complex exponential is Hermitian, that is, after being diadically expanded as per the first i = kx
document that | wrote.

The complex exponential is

10 0) (¢ 0 o cos@+isin@ 0 0
el =e%1=¢0 1 0|=| 0 €9 0 |= 0 cos@ +ising 0
001 0 0 ¢ 0 0 cos@+isin@

and its conjugate is

1 00) (e 0o o0 cosd —ising 0 0
e =9 =% 0 1 =l 0 e o0 |= 0 cosf —isin@ 0
001 0 0 e 0 0 cosd —isin@

With i=kx and cosine and sine rotating around K so that they have a k-hat dependent base and so are k-hat basis harmonics cosk
and sink

A A e?kx 0 0 coskd + (sinkd)k x 0 0 cos® —sind 0
e’ =e®™=l 0 ™ 0 |= 0 coskd + (sinkd)k x 0 =|sin@ cos® 0
0 0 e 0 0 cosk@ + (sink@)k x 0 0o 1

and the conjugate is

A e? 0 0 coské — (sinkd)k x 0 0 cosd sind 0
e’ =e?™I= 0 e’ 0 |= 0 coskd — (sink&)K x 0 =|-sin@ cosd 0
0 0 e’ 0 0 cosk® — (sinkd)k x 0 0 1

which is the also the transpose. Hence, the complex exponential (basis exponential expk) is Hermitian. Similarly for the j-hat and i-
hat basis exponentials expj and expi, that is, the j-hat and i-hat basis exponentials are also Hermitian since expi 8= cisidand expjé=
cisjo are equal to the transposes of their conjugates. Again, this is now obvious since they are congruent and so are similar matrices
once diadically expanded as shown by canonical forms and change of base between principal axes.

-1 00
It may seemstrange at firstbut | 0 -1 O [is also Hermitian.
0 00
-1 0 0) (-ui" oif oik') (Wkx]i" o ok’ o’ —(k3ij’ oik') [0 —kx O
0 -1 0|=|o0ji" -1jj ojk'|=| 0" -1kxD)j 0K |[=|(k)ji" 1jj 0jk'|=|kx 0 0
0 0 0) |Oki" Ok’ Okk' ki’ okj'  Okk’ ki’ ok’ Okk') |0 0 0

and with i =K x this matrix is
-1 0 0) (0 -i O
0 -1 0|=li 0 0
0 0 0) (0 0 o0

which is a typical Hermitian matrix Once you know about i= kx it no longer seems strange since it is a complex number on a
complex matrix (the kx curl positions) entry which produces a real result on the diagonal. This is the k-hat double cross k < k x which
is Hermitian similarly as i = kx and expk

0 -1 00 -1 0 -1 0 O 0 —-kx 0 0 -1 0
kxkx=|1 0 0[1 0 0|=/0 -1 0 which can be easily seen as kx 0 O0|=kx|1 0 0|=KkxKkx
0 0 OfO O O 0 0 O 0 0 O 0 0 O
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and why this matrix is periodic with period 2; it has only two states which are (kx)?1 and (kx)*1 . The exponential of the double
cross expkk is also Hermitian, as well as expjj and expii by change of base.

Theorem: all complex numbers (rotation operators Kk x, jx , 1 x) on an R® matrix basis diagonal are scalars in their own curl (non-

diagonal) positions of the R® matrix basis and null for the rotation eigenvalue entry (once the complexnumber, as a rotation operator,
has operated on the matrix basis).

For example,
1 00) (kx 0 0) (0 -1 0 0 -1 01 0 0) (0 -1 0
kxl=kx|0 1 0|=|0 kx 0]=|1 0 0 with easy proof kxl=|1 0 0|0 1 O|=l1 0 0
001/ |0 0 kx| (0 0 0O 0 0 0jo 0 1)/ (0 0 O
and for an example with a bit more clarity
1 0 0) (akx+hjx 0 0 0 -ab
[@kx+bix) =@k x+bix)0 1 0[=| 0  akx+bjx 0 |=|a 0 O
001 0 0 akx+bjx| (-b 0 0

Conwerse: (1) complex numbers (rotation operators Kx, J>< i x) on non-diagonals in their own curl positions in an R® matrix

basis are scalars on the diagonal of the R® matrix basis (once the complex number, as a rotation operator, has operated on the matrix
basis).

0 -1 0) (kx © kx 0 O 100
1 0 0|=|0 kx 0O|=| 0 kx 0 |=kx|0 1 0|=kxl=Kkx
0 0 0/ [0 O 0 0 Kkx 001
and
0 -a b) [akx+bjx 0 0 ak x +bj x 0 0 100
a 0 0f= 0 akx 0 |= 0 a|2x+bjx 0 :(a|2><+bi>< 010 :(a|2x+bjx)|=aI2x+bjx
-b 0 0 0 0 bjx 0 0 ak x +bj x 001
100
This also makes showingwhyi:IZx is Hermitian straightforward.Theconjugateofi=|2x=|2x 0 1 O0fis
001
100 (kx) 0 0 0 1
(kx))=]0 1 0O|kx)'=| 0 (kx)Y O |=|-10
001 0 0 (ko] (0O 00

and so is also the transpose of i = k x and is therefore Hermitian. Clearer for those still thinking in terms of complex i

A

i 00 1 0 0) (kx 0 0O 0 -1 0
i=il=|0 i O|=kx=kx|0 1 0|=| 0 kx 0]=[/1 0 O
0 0 i 00 1 0 0 kx| |0 0 o0

and, not complicating things with reversal of direction of the cross product triangle (just taking the negative of kx instead) its
conjugate is

i 0 0 10 0) [-kx © 0 0 1
—i=-il=| 0 —i 0 |=—kx=-kx|0 1 0= -kx 0 |=[-10
0 0 ~—i 001 0 0 —kx 00

which is its transpose and so is Hermitian similarly as all functions of kx.
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Theorem: kx has complex number properties for the kx curl positions whilst nilpotent properties for the jx and I x curl positions
in the R® matrix basis. Similarly, jx has complex number properties for the jx curl positions whilst nilpotent properties for the K x

and i x curl positions in the R® matrix basis. Similarly, i x has complex number properties for the i x curl positions whilst nilpotent
properties for the jx and kx curl positions in the R® matrix basis.

Theorem: moving entries from the non-diagonal entries of an R® matrix basis is a basis algebra technique of diagonalizing an R®
matrix basis. Whichever entries on the diagonal are homogenous (in Kx, jx, or I x) can be raised to powers and inverted with
standard complex algebra (nb: because these operators are singular, they need to be multiplied by cubes as proxy to invert).

Rather than Kk x in the k-cross positions, which results in the k-hat double cross kxkx, ifthe complexnumber had have been either j-
cross or i-cross in the k-cross positions then the resulting matrix is a matrix with a single nilpotent entry. These are the nilpotent

mixed-double-crosses. In the example with i in the k-cross positions jxkx or jxkx.

Theorem: complex numbers (rotation operators Kx, jx, i x) on non-diagonals positions that are not in their own curl positions in

an R® matrix basis are either zero or nilpotent scalar on other non-diagonal positions not corresponding to their own non-diagonal
curl positions.

Considering again the matrix with complex number i in the k-cross positions

0 -i 0
i 0 O
0 0 O
If j-cross is taken as the complex number here, i = jx, the result will be a nilpotent matrix because the entries are located in the k-

cross curl positions rather than the j-cross curl positions

0 —jx 0 oii"  —(jx)i)’ Ok’ oii"  —1(jxi)j’ ok’ oii" 0i)' Oik’) (0 00
ix 0 ol=|(j0it" 1" ok |=|1ixDii  1ji"  ojk'|=| )i 0j’ ojk'|=|0 0 0
0 0 0 ki’ 0kj’  Okk’ oki”’ Okji’  Okk’] | Oki" (-1)j’ Okk'| (0 1 0

since (jx J)i’=(0])i'=0]i" and (jxi)]'=(~1k)]’=—1Kj’. This is the nilpotent mixed double cross, j-cross-k-cross ( jxkx),
since it is j-cross in the k-cross position

0 —jx 0 0 -1 0 0 0 10 -1 0) (0 0 O
jx 0 O0|=jx|1 0 0|=jxkx=|0 0 0|1 0 0|=[0 0 0
0 0 O 0 00 -1 00J0 0 0) |0 10

Similarly if i-cross is taken as the complex number, i=1x, the result will be a nilpotent matrix similarly because the entries are
located in the k-cross curl positions rather than the i-cross curl positions

0 -ix 0 0ii’  —(ix)ij’ oIk’ 0t —13ixi)j oik’ 0ii’ (0N)j" Oik’) (0 0 O
ix 0 0|=|@xji" 1ji" ojk'|=|1wx]i” 1)’  ojk’|=| oji" 0]’ O0jk'|=/0 0 O
0 0 0 oki’  Okj'  OKk’ ki’ 0ki"  Okk'| |(+1k)i" Okj’ Okk'|] (1 0 O

since (I x J)i”=(+1K)i" =1ki" and (i xi)]’ =(00)] =0i]’. This is the lower triangular squared nilpotent matrix and the nilpotent

mixed double cross, i-cross-k-cross (fx k x), because it is i-cross in the k-cross position

0 -ix 0 0 -1 0 0 0 0Y0o -1 0) (0 0O
ix 0 O0l=ix|/1 0 0|=ixkx=|0 0 1|1 0 o0|=/0 0 O
0 0 0 0 0 O 01 0o 0 o) |1 00

Therefore discretion is required to choose correctly the complex number required for one’s purpose. If it is to have periodic
properties, it must be located on the diagonal or in its own curl positions otherwise the periodic property will be lost to nilpotence.
Nilpotence in some circumstances is the required result.

There is also the issue of whether the rotation operators are primed or unprimed, and hence left-to-right operators or right-to-left
operators operating on, respectively, the unprimed column \ector basis or the primed row vector basis in the matrix basis. If

4



a

Aaron Lloyd-Jones The Almighty Cross Product kx Jxix =(kx)2 (i x)? 2023-24

primed k-cross is taken as the complex number, then the matrix will lose its periodic properties, since it is the product of k-cross with
its conjugate, so is identity with the singular position zeroed (because k-cross is singular)

0 —(kx) 0] (0 -1 0 0 -1 0Y0 1 0) (100
(kx) 0 0|=/1 0 Ofkx)=kx(kx)'=|1 0 0[-1 0 0|=/0 1 0
0 0 o] lo oo 0 0 0jJo 00/ (00O

which is singular idempotent. In full matrix basis algebra

0 —(kx) 0 0l —1ij'(kx) Oik’ 0ii"  —i(j’xk) Oik’) [-i(-1") oij oik') (1 0 0
(kxY 0 0|=|1ji"kx) 0]  Ojk'|=|j@"xk)  1j} 0jk'|=| 0ji" j(+1j) ojk'|=|0 1 O
0 0 o0 ki’ ok’  Okk’ ki’ oki'’  Okk’ ki’ ok’ Okk'|] (0 0 O

where §(]'xK") =1 (~1")=—1ii and j(i'xk’)=j(+1]") =+1]jj’ noting the reversal of the directionality of the cross product triangle
which is discussed in the next topic.

If either primed j-cross or primed i-cross are taken as the complex numbers, then the resulting matrix operator will be the same
nilpotent matrices as above but will be upper triangular (rather than lower triangular)

0 —(jx) 0) (010 0 —(ix) 0) (0 01
(Jx) 0 0[=[0 00 and (fxy 0 0]|=/0 00
0 0 o0/ (o000 0 0 o0/ loo0o

So discretion is required at determining which complex number one is working with although it all works out nicely if the right one is
chosen. k-cross in the k-cross position is the most sensible standard in my opinion but whatever works best for the situation. Jordan
matrices, for example, require nilpotent operators.

Another interesting periodic matrix that | have noticed in times past while studying matrix mechanics quantum (the second half of a
standard 2" year University course in Quantum Mechanics) was the matrix

010
100
000

which has the same form as K x except without the negative in either of the two kx curl positions. This matrix is equivalent to
i x ]x+ ]xi x . This is a hyperbolic analogy to kx which has circular complex number identity kx=1x jx— jxi x . The complete
setare

010 0 01 0 00O
ijx+jxfx= 100 kxix+ixkx=/0 0 0 j><|2><+|2><j><= 0 01
0 0O 1 00 010

which are hyperbolic forms that correspond to the harmonic forms of kx, ]>< ,and T x

0 -1 0 0 01 00 O
iijx—jxiAx:kAx: 1 0 0 |2><|A><—|A><|2><:j><: 0 0O jx|2><—|2x]><:f><: 0 0 -1
0 0 O -1 00 01 0

noting 1 x jx— jxix=Kkx, Kxix—ixkx=jx ,and jxkx—kx jx =ix are basis operator identities for kx, jx,and i x.

The exponentials of Kx, ]x, and i x (complex exponentials) with argument @ diadically expand into the rotation matrices expk 6,

expj6, and expi 6. Interestingly, the exponentials of i x jx+ jxix , Kxix+ixKx ,and ix jx+ jxix diadically expand into those
same matrices but with hyperbolics cosh and sinh instead of harmonics cos and sin, and further, still permute over the respective axis
unlike the double crosses (which are then attenuation factors on the diagonal... these here, in contrast to the double crosses, remain

distributed on the curl positions which is why they are interesting). | will demonstrate it for i x j><+ jxfx and then change base to

those for kxix+ixkx and ix j><+ jxfx . | am thinking of calling these exphk, exphj, and exphi (for hyperbolic exponentials
analogous to the single cross exponentials expk, expj, and expi and the double cross exponentials expkk, expjj, and expii).

Exponentiating i x jx+ jxix and expanding
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em(@(fx]x+jxfx)) +0 (I x Jx+ Jxix)+£ 0% (1 x x+ jxix)? +160°% (T x Jx+ Jxix)°
+ZH4(I><J><+1><I><) += (95(I><J><+j><l><) +5 96(I><J><+J><I><) +..
i-hat column basis component
em(&(fx]x+jxfx)) P=T+0 @ x Jx+ Jxix)T+1 0% (I x Jx+ Jxix)2T+160°% (1= fx+ xix)*1
+10% (Fx Jx+ JxT) T +L0% (T x Jx+ Jxix)°T+20° (Tx x+ xix)°T+..
=1+0]+20%1+10°]+L0%+10° ]+ 5 0% +..
= ( 1«92+594+é06+...>+J(H+%93+595+...)
I cosh@+ jsinh &

. A h s s one T when nis even
since  (IxJx+ Jxix)'1=<, .
] whennis odd

j-hat column basis component
em(e(ijx+jxfx))j:j+0(ijx+jxfx)j+i92(fxjx+jxfx)2j+i93(ijx+jxfx) i
+i6’4(lx]x+1x|x) j+ (95(I><J><+j><l><) j+ 6’6(|xjx+jx|x) J+..
=j+01+10%]+10%+10% )+ L0%+10%)+..
j(+ 0%+ 94+ 0%+ )+'(9+§93+§95+'")
=isinh@+ jcoshd

. . when niis even

since  (IxJx+ Jxix)" J=43 )

i when nis odd

k-hat column basis component
em(@(ij><+jxfx))l2:|2+9(fxjx+i><iA><)|2+%92(fxix—i—jxfx)zlz-'r%ﬁa(fxix—i-jxfx)3|2

+i¢94 (T x x+ jxfx)4|2+é05 (i x x+ jxiAx)Slz—i-éHG (T x x+ jxiAx)GIZ—i-...

— K+ 0K+ 0K+ 0K +...
=k
. & 2 2 2 ~ k\ nZO
since Ix [ x+ [xIx)"k=
(i Jox+ jxix) {0 i

The very interesting thing here is that the i-hat and j-hat components of exphk osculate between i-hat and j-hat axes which differs
from the k-hat double cross expkk which osculates in sign on the same i-hat or j-hat axis (corresponding to the component axis). This
means that these basis hyperbolics (exphk, exphj, and exphi) are definitely different from the double cross hyperbolics (expkk,
expjj, and expii) and, to my credit, why I didn’t call the double crosses hyperbolics when I first found them (and named them expkk
rather than exph, although had considered it, which is turning out to be the right thing to do). The components then diadically expand
(components to columns) into
cosh@ sinhéd 0
exphk 0 = exp(0 (P x jx+ jxi x))=| sinhe coshe 0
0 0 1

Unlike the k-hat double cross exponential expkk with hyperbolics in the coskk and sinkk, this matrix exphk has a unitary
determinant and is also symmetric in that it is equal to its own transpose. This is by virtue of the components osculating between axes
(with period two rather than four for harmonics) rather than osculating in sign on the same axis as for the double crosses.

The basis hyperbolics are, for hyperbolic cosine, coshk
cosh@ 0 0

coshkd=| 0 coshd 0 (suggested pronunciation “cosh-kay-theta”)
0 0 1

and for hyperbolic sines, sinhk
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sinh @ 0 0
sinhkd=| 0 sinhd 0 (suggested pronunciation “shine-kay-theta™)
0 0 o
although the k-hat dependence in the naming is slightly ambiguous because these basis exponentials do not have a rotation axis so the

complex number does not involve k-hat, instead it only involves the basis vectors that generate the orthogonal complement to k-hat,
the xy plane generated by i-hat and j-hat.

Also, similarly as the other basis cosines, coshk is full rank so can be divided into (inverted and multiplied with) sinhk to define
tanhk, hyperbolic tangent for the xy plane (with suggested pronunciation “than-kay”)

sihh@ 0 OYcosh¢ 0 0)' (sinh@ 0 O)sechd 0 0

tanhk 0 = (sinhk@)coshkd)™*=| 0 sinh@ 0| 0O coshd 0| = 0 sinhd 0| O sechd 0
0 0 0 0 0 1 0 0 (7 0 0 1

tanh@ 0 0
tanhk @ = 0 tanhg 0
0 0 0

These are actually the same as coskk, sinkk (with a sign change), and tankk but differ when they combine into exphk (that is, differ
from expkk) because of the osculating properties, that is, because they axis osculate rather than sign osculate.

With coshk and sinhk, the Euler form of exphk by diad decomposition to even and odd components is therefore
exphkd = coshkd +(sinhka )i x ] x+ J xi x)
in other words (diadically expanded matrix base),

coshé@ 0 0 sinh @ 0 0yo 1 0 cosh@ sinh@ O
0 coshg 0|+| O sinh@ 0|1 0 O|=|sinh@ cosh@ O
0 0 1 0 0 /0 0 O 0 0 1

which has de-Moivre powers

(exphk 6)" = exphk (n6)
= coshk(n@) + (sinhk(NO) (i x j x+ j xi x)

ie.,
coshng sinhng 0)" (coshnd 0 0) (sinhné 0 0)0 1 0) (coshn@ sinhng O
(exphk 0)" =| sinhn@ coshnd 0| =| 0  coshnd O|+| O sinhnd 0 |1 0 0|=|sinhn@ coshnd O
0 0 1 0 0 1 0 0 neg)o0 0 O 0 0 1

The conjugate of the hyperbolic complex number ix jx+ jxix is either that with the sign changed —1i x jx— jxi x or with a

change of base to K x (T x ] x+ ] xTIx )(IZ x)" which diadically expands (or alternatively changing the sign of the diadically expanded
form of I x jx+ jxix )to

0 -10
—(Tx Jx+xix)=]-1

0

which has basis exponential
coshé —sinhg 0
exphkezexp(—a(fx]x+jxfx)): —-sinh@ coshd 0
0 0 1
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which is the Hermite conjugate of exphk (which considering i x ix-i— ixfx as the hyperbolic complexnumber), and conjugate Euler
form

exphkd = coshkd — (sinhk)i x j x+ | 1 x)

By change of base of exphk with the appropriate quarter axis turn basis exponentials expi and expj to the yz-plane and the zx-plane,
respectively, then results in the basis hyperbolics exphj and exphj. For exphj, the change of base matrix is exp(w/2).

Applying the change of base to x jx+ jxix results in the hyperbolic complex number kxix-+ixk x for the j-hat orthogonal
complement [the plane generated and spanned by i-hat and k-hat]

10 0Y0o 1 0YL 0 0) (0 0 1
expi (7/2)(x jx+ xix pxpi (-7/2)=|0 0 -1[1 0 0[0 0 1|=|0 0 0[=kxix+ixKkx
01 0J000Jo -1 0) (10 0

and so all of the basis functions that depend on { x jx+ jxi x will have their based changed to that of kxix+i xkx by this change
of base with expi (from the change of base theorem that a change of a base of a function of a base equals that function with its base
changed by that change of base [in the change of principal axis document that | wrote]). For exphj

1 0 O0)coshgd sinhd 0Y1 0 O coshd 0 sinhé
expi (77 / 2)(exphk O)expi (~7/2)=|0 0 -1|sinh@® coshg 0|0 0 1= 0 1 O

01 0 0 0 100 -1 0 sinh@ 0 coshé

Therefore the j-hat hyperbolic exponential exphj is

coshd 0 sinh@
exphjo= 0 1 0
sinhd 0 coshé@

and changing the base of the basis hyperbolics coshk and sinhk to those of coshj and sinhj

1 0 0 )coshd 0 0y1 0 O coshgd 0 0
expi (7/2)(coshk@)expi (-z/2)=|0 0 -1| 0 cosh¢ 0|0 0 1|=f 0 1 O
01 0 0 0 1J0 -1 0 0 0 coshd

1 0 O0)sinhg 0 0Y1 0 O sinhg 0 0
expi (7/2)(sinhk@)expi(-z/2)=|0 0 -1| 0 sinhg 0|0 0 1|=| 0 & O

01 0 0 0 )0 -1 0 0 0 sinh@
that is,
coshg 0 0 sinhg 0 0
coshjd=| 0 1 0 and sinhj@=| 0 17 0
0 0 coshd 0 0 sinh@

The Euler form diad decomposition of exphj is then

exphj 6 = coshj @+ (sinhj &)k x1 x+1 xk x)

ie.,

coshd 0 sinh@ coshd 0 0 sinh@ 0 0 0 01
0 1 0 = 0 1 0 [+ O 0 0 000
sinh@ 0 coshé 0 0 cosh@ 0 0 sinhe)\1 0 O

with de-Moivre powers

(exphj 0)" =exphj ()
= coshj(n6) + (sinhj(n@) Kk x 1 x+1 xk x)
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Making a change of base of exphk to the i-hat hyperbolic exphi, firstly by changing the hyperbolic complex number i x j><+ jxfx
of the plane of the base with expj(-w/2) to that of jx K x+K x jx

~1Y0 1 0 1) (0 0 0
100 0|=0 0 1|=]jxkx+kx]x
000 0) lo 10

o - O

00
expi (—z/2)([ x jx+ ] xi x pxpi(-7/2)=|0 1 0
10 0 -1

and so by the function of changes of base theorem, all of the functions for ix jx+ jxix will be converted to those in

jx K x+K x jx with this similarity transform to the orthogonal plane spanned by j-hat and k-hat. Changing the base of exphk to that
of exphi

0 0 -1)coshe sinhe 0y O 0 -1 1 0 0
expj(—;z/2)(exphko9)expj(—7z/2): 0 1 0 |sinh@ coshd 0| 0 1 O [=|0 coshd sinhé
10 0 0 0 1/-1 0 O 0 sinhé@ coshé

and therefore the hyperbolic basis exponential exphi is

1 0 0
exphiH:em(H(ijZerIijx)): 0 coshd sinh@
0 sinh@ coshd

The hyperbolics for the plane spanned by j-hat and k-hat coshi and sinhi (and hence also tanhi) are from change of base with expj

0 0 -1)coshé 0 0YO 0 1) (1 O 0
expj (—/2)(coshk@)expj(z/2)=|0 1 0| 0 coshd 0[O0 1 0|=|0 cosh¢ 0
100 -1 0 0 0 coshe
0 0 -1)sinhe 0 01 0 0
expj (—/2)(sinhk@)expj (z/2)=[0 1 0 sinh@ 0 1 0|=|0 sinhe 0
100 O\-1 0 0 0 sinho
that is,
1 0 0 0 & 0 0
coshifd=|0 cosho 0o |, sinhig =| 0 smhe and tanhig=| 0 tanhd 0
0 0 coshé 0 sinh@ 0 0 tanhé

The Euler form of exphi is
exphi 6 = coshi @+ (sinhi @) j x K x+K x ] x)
ie.,

1 0 0 1 0 0 o 0 0 0
0 cosh@ sinh@ |=|0 coshd 0 |+|0 sinh@ 0 0
0 sinh@ coshd 0 0 cosh@ 0 0 sinh@ )\ 0

= O O
o - O

with de-Moivre powers

(exphi 0)" = exphi (n)
= coshi(n@) +(sinhi(n@) )(( ] xk x+k x jx))

Note that I have Kx, J>< and 1 x programmed in my TI-89 as kc (for k-cross), jc (for j-cross), and ic (for i-cross), and i (for i-hat), j

(for j-hat), and k (for k-hat) and so check all the mathematics easily and | highly recommend that someone that is interested in this
mathematics does so also (noting that i, j, and kare 3by1 column vectors whilst ic, jc, and kc are 3by3 matrices) with

0 -10 0 01 00 0 1 0 0
kx=[1 0 0], jx=|0 0 0, andix=[0 0 -1 i=|0], j=[1],and k=0
0 0 0 -1 00 01 0 0 0 1
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and try firstly ic*jc+jc*ic and then raise this to powers (ic*jc+jc*ic)*n demonstrating the order 2 periodicity forn=1, 2, 3,4, ... .
Then exponentiate ic*jc+jc*ic and observe that it is exphk( 1) with two diagonal entries cosh(1) =1.543 and the two anti-diagonals

sinh(1) =1.175 in the kx positions. And then change the sign of the hyperbolic complex number converting it to the harmonic

complex number ic*jc—jc*ic and then exponentiate that and observe that it is the rotation matrix expk (1) [argument in radians] with
two diagonal entries cos(1) =0.540 and two anti-diagonal entries sin(1) =0.841 with that in the first row having a negative sign (the

k-cross negative). Multiplying (with *) any of these by i (i-hat), j (j-hat), or k (k-hat) then gives the column vector of that component
since these, expk and exphk for instance, are operators for position vectors (just a reminder).

This is how | have this mathematics programmed into my TI at the moment, in radians with pretty print on and graphing by
parametric form since all of these functions (other than i-hat, j-hat, and k-hat, and i-cross, j-cross, and k-cross) are parameterized by 6
which is ordinarily «t. This is the exact syntaxin my TI

BASIS VECTORS
i =[10,0]"
j=101,00"
k=1[001]"

All of the functions, other than the basis vectors themselves, are operators so that the cross is then part of the defined right-to-left
functions. The ordinary multiply operator * is then, for all intents and purposes, the cross operator.

SINGULAR COMPLEX NUMBERS (BASIS VECTORS APPENDED WITH CROSS)
ic = [[0.0,0][0,0,-1][0,1,0]]
jc = [[0,0,1][0,0,0][-1,0,0]]
ke = [[0,-1,0][1,0,0][0,0,0]]

BASIS EXPONENTIALS (HARMONIC, ROTATION)

define ei(®) = [[cos(0),-sin(0),0][sin(B),c0s(0),0][0,0,1]]

define ej(®) = [[cos(0),0,5in(0)][0,0,0][-sin(6),0,cos(0)]]

define ek(6) = [[1,0,0][0,cos(6),-sin(6)][0,sin(6),cos(6)]]

BASIS EXPONENTIALS (DOUBLE CROSS ATTENUATION)
define €ii(0) = [[exp(-0),0,0][0,exp(-6),0][0,0,11]

define ejj(6) = [[exp(-6),0,0][0,1,0][0,0,exp(-6)]]

define ekk(0) = [[1,0,0][0,exp(-6),0][0,0,exp (-6)]1]

BASIS EXPONENTIALS (HYPERBOLIC): add h to the harmonics expk, expj, and expi and remove the negative sign
define ehi(0) = [[cosh(0),sinh(0),0][sinh(6),cosh(6),0][0,0,1]]
define ehj(0) = [[cosh(8),0,5inh(6)][0,0,0][sinh(6),0,cosh(6)]]
define ehk(6)= [[1,0,0][0,cosh(6),sinh(6)][0,sinh(8),cosh(6)]]

FULL RANK COMPLEX NUMBER: change of base matrix from k-hat rotation basis to j-hat rotation basis ei(w/2)
FULL RANK COMPLEX NUMBER: change of base matrix from k-hat rotation basis to i-hat rotation basis ej(-r/2)

These are also the change of base matrices to cylindrical and spherical coordinates by cis scaling the standard rectangular basis.

BASIS COSINES (HARMONIC, ROTATION)

define ci(®) = [[cos(6),0,0][0,c0s(0),0][0,0,1]] alternatively, define ci(6) = (ei(6)+ei(-6))/2
define cj(®) = [[cos(6),0,0][0,1,0][0,0,cos(0)]] alternatively, define cj(6) = (ej(6)+ej(-6))/2
define ck(6) = [[1,0,0][0,cos(6),0][0,0,cos(6)]] alternatively, define ck(0) = (ek(0)+ek(-6))/2

10
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BASIS COSINES (DOUBLE CROSS ATTENUATION)

define cii(6) = [[cosh(6),0,0][0,cosh(6),0][0,0,1]] alternatively, define chi(0) = (eii(0)+eii(-0))/2
define cjj(6) = [[cosh(6),0,][0,1,0][0,0,cosh(6)]] alternatively, define cjj(6) = (ejj(0)+ejj(-0))/2
define ckk(0) = [[1,0,0][0,cosh(6),0][0,0,cosh(0)]] alternatively, define ckk(0) = (ekk(0)+ekk(-0))/2
BASIS COSINES (HYPERBOLIC)

define cih(0) = [[cosh(0),0,0][0,cosh(6),0][0,0,1]] alternatively, define chi(0) = (ehi(0)+ehi(-6))/2
define chj(8) = [[cosh(6),0,][0,1,0][0,0,cosh(6)]] alternatively, define chj(6) = (ehj(©)+ehj(-6))/2
define chk(6) = [[1,0,0][0,cosh(®),0][0,0,cosh(6)]] alternatively, define chk() = (ehk(6)+ehk(-8))/2

BASIS SINES (HARMONIC, ROTATION)

define si(0) = [[sin(6),0,0][0,sin(6),0][0,0, 61]

define sj(®) = [[sin(6),0,0][0, 6,0][0,0,sin(6)]]

define sk(0) = [[6,0,0][0,sin(6),0][0,0,sin(6)]]

BASIS SINES (DOUBLE CROSS ATTENUATION)
define sii(6) = [[exp(-6),0,0][0,exp(-6),0][0,0,1]]

define sjj(0) = [[exp(-6),0,0][0,1,0][0,0,exp(-6)]]

define skk(0) = [[1,0,0][0,exp(-6),0][0,0,exp(-6)]]
BASIS SINES (HYPERBOLIC)

define shi(®) = [[sinh(8),0,0][0,sinh(6),0][0,0, 61]
define shj(®) = [[sinh(8),0,0][0, 6,0][0,0,sinh(6)1]
define ehk(0)= [[1,0,0][0,cosh(0),sinh(6)][0,sinh(0),cosh(6)]]

It works like a dream. Overall, this will allow us to do much more complicated mathematics than previously and much more
intuitively. This is so since all the steps in how it works for R® are clear as well as consistent with the axioms of linear algebra.

2. Further Mathematics of the k-hat Exponential Conjugate expk’: reversal of
direction of the cross-product triangles for primed basis variables and primed
cross-products

Here | show that the conjugate k-hat exponential (expk &)’ is in the literal sense the exponential of the conjugate of k-cross (kx)’, that
is, the exponential of primed k-cross (kx)' = xk’. This is an explicit priming of kx rather than just a sign change for the conjugate in
the pair. This demonstrates that the change in the direction of the rotation matrixis more than just the sign changes on the sines in the
kx positions [the ij and ji' positions in the R® matrix basis]. It reverses the direction of the cross product triangle which explains the
change of sign.

This also demonstrates the equivalence between conjugates in complex number pairs and Hermitian conjugates in linear algebra.
These are the same thing, that is, once a complex number is recognised as being a basis vector appended with x and subsequently
diadically expanded into matrix operator form. This matrix form is Hermitian.

In ordinary scalar mathematics, one does not otherwise have to be concerned with the reason behind the sign change.

Theorem: K x, j>< I x, expk, expj, and expi are Hermitian. This is shown, as per the previous section by moving the terms in either

K x, j>< or I xonto the main diagonal, and changing their sign for the Hermitian conjugate.

For an unprimed basis-cross operator operating left-to-right on an unprimed basis component, here

11



Aaron Lloyd-Jones The Almighty Cross Product kx Jxix =(kx)2 (i x)? 2023-24

i-cross operating left-to-right on k-hat and j-cross operating left-to-right on k-hat
0 0 0)f0 0 0 0 1)0 1

((x)k=|0 0 -1{[0|=|-1|=—] (jx)k=l0 0 ol|o|=|0]|=f
01 0)i1 0 -1 0 O){1 0

which is (for i-cross operating left-to-right on k-hat) negative j-hat and the usual clockwise (cw) direction of the usual cross-
product triangle (similarly for j-cross operating left-to-right on k-hat). Whilst on the other hand, a primed basis-hat being operated
on from the right by a primed basis-cross operator, here primed i-hat being operated on from the right (to the left) by primed k-cross
(cross-k-prime) and primed j-hat being operated on from the right (to left) by primed k-cross

0 10 0 10
i"(xk)=(10,0) -1 0 0|=(0,10)= ]’ j'(xk)=(0,1,0)| -1 0 0|=(-1,0,0)=—i"
0 00 0 00

which is positive j-hat-prime and the opposite (counter-clockwise direction) cyclic direction (in terms of sign) of the usual cross-
product triangle, if read left-to-right since it is positive, or depending on how one looks at it, the same cyclic direction as the usual
cross product triangle if the maths is read from right-to-left... from primed operator [conjugate complex number] on the right to
primed operand [primed basis component] on the left. This is another item of maths which is slightly disconcerting [and frustrating
at first], and at first seems trivial even pedantic [pulling ones hair out in frustration over a sign], but nevertheless | have found
important to get straight so that it all works as it should. This is the reason why the vector triple product is not associative. Operating
on primed j-hat from the right-to-the-left by the primed k-hat exponential

=—(0-46°+10° - )i+ (1-20°+ 107 - ) |'

=(-sin )i+ (cos o)

The j-hat direction for the k-hat exponential is negative for the sine term. At first | thought it would be the opposite since | was
attempting to map components to columns, but these terms map to rows (rather than columns) of the subsequent diadic expansion

into the conjugate basis exponential. This is obvious now in hindsight. This is therefore the second row (the j row) in the matrix

basis, rather than the second column. This demonstrates why it is necessary to describe the directions of the operators and cross
product triangles with respect to priming in fine detail [verging on pedantism]. In doing so, this has also addressed the fact of the non-
associative vector triple product. The theory of priming basis vectors appended with x, and therefore operator direction, therefore
explains this.

The wector triple product is two consecutive sets of basis crosses (quaternion complex numbers) operating on a basis vector at the
same primed order. So for example
(kKx)(Kx)T =(kx)j=—1 differs from k' (xK")(x1") =0K'(xi") =0(=]) =0]’

the difference for which makes clear that precedence is essential because of the reversed order of the cross product triangle upon
priming and the resulting differing sequential order of precedence between left-to-right operators (unprimed) and right-to-left
operators (primed) applied to the operand. This, then, is primed and unprimed complex numbers and quaternions. The first of

these two comparison examples (IZx)(IZx)f: (IZx) j=—i is adouble cross (i-squared operating left-to-right equals negative one,
—1) and the second k'(xK’)(xi")=0K'(xi")=0(—]")=0]" is a primed nilpotent operator (N5> operating right-to-left on k “hat which
is zero, 0):

0 -1 0)0 -1 0Y1) (-1 0 o0Y1 1) (-1
(kx)kx)i=/1 0 0|1 0 0|0|={0 -1 0|0|=(kx)]0|=|0 |=-1F
0 0 0fo 0 o)o/ (0 0 0)O o) (o
and
0 1 0Y0 0 0 001 0 1 0Y
k'(xk')(xi"=(0,0,)) -1 0 0f0 0 1|=(0,01)0 0 0[=(0,010 0 1| =(0,0,1)N2=(0,0,0)=0k’
0 00)0 -1 0 000 000

12



Aaron Lloyd-Jones The Almighty Cross Product kx Jxix =(kx)2 (i x)? 2023-24

So this operator bracketing notation of Kk x, here for (kx)(kx)i = (kx) j =—i and K'(xK')(xi") =0K'(xi")=0(-])=0]’ is more
effective mathematical notation, in this context, than associative bracketing notation k x(k xi) and (k' xk’) i’ for vector triple
product since it shows why the results are different by reference to directions of cross-product triangles.

Theorem: The cross-product-triangle of the primed basis vectors reverses the direction of the standard unprimed cross-product-

triangle — this is then (1) negative for the counter-clockwise direction for unprimed (standard) basis vectors and (2) negative for
the clockwise direction for primed basis \ectors.

Corollary: This amounts to a sign change for the conjugate of the basis cross and so conjugate of the complexnumber like properties
in complex conjugate and Hermite conjugate pairs.

Theorem: kx and expk are transpose dependent. Similarly also are jx, ix, expj, and expi by similarity and congruence. In scalar
mathematics, the transpose of kx corresponds to the sign change of the conjugate.

Theorem (transpose independence of basis harmonics): the k-hat basis sines and cosines, sink and cosk, are independent of
transpose/priming. Similarly for those of j-hat and i-hat, sinj and cosj for j-hat and sini and cosi for i-hat because of similarity and
congruence. Proof for transpose independence of cosk and sink is

cosd& 0 O cos@ 0 0) (cos& O O
cosk@=| 0 cosé O so that cosk'd=| 0O cosd 0| =| O cos@ O |=coskéd
0 0 1 0 0 1 0 0 1
sing 0 0 sin@ 0 0) (sin@ 0 O
sinkd=| 0 sind O so that sink'd=| 0 sing 0| =| 0 sing O0|=sinkd
0 0o 0 0 0o @ 0 0 @

demonstrating that both cosk and sink are independent of transpose unlike kx and consequently also unlike expk. Transpose
independence holds true also for coskj, sinj, cosi, and sini for reasons of similarity and congruence and so with similar proof. For the

jx basis harmonics
T

cosgd O 0 cosd O 0 cosd O 0
cosjg=| 0 1 O so that cosj/9=| 0 1 O =l 0 1 0 |[|=cosjo
0 0 cosé 0 0 cosé@ 0 0 cosé
sin@ 0 O sind 0 sind 0
sinfjo=| 0 6 O so that sinfée= 0 @ =sinjé@
0 O sing 0 O sing 0 sin@
and for the ix basis harmonics
1 0 0 1 O
cosi@=|0 cosé@ 0 so that cosi'd=|0 cos@ 0 cos@ =cosif
0 0 cosé 0 0 cosd cosé
T
6 0 0 0 0 0
sini@=[0 sin@ O so that sini'l@=|0 sin@ O =0 sin@ 0 [=sini@
0 0 sing 0 0 sing 0 0 sing

It is then intuition to see that the k-hat basis exponential expk is not independent of transpose/priming because of the kx dependence
in the Euler form.

Theorem: R® Linear algebra, which consists of row vectors, column vectors, and matrices, is complex number mathematics of
unprimed and primed cross products of the standard basis.

Corollary: R® Linear algebra is comprised of two cross product triangles, the unprimed standard cross product triangle (unprimed
complex numbers) and the primed cross product triangle (primed complex numbers).

Corollary: These two cross product triangles are sets of complex numbers with the quintessential features of (I2><)2 =-1 for

unprimed basis vectors (f and j) and (x IZ‘)2 =-1 for primed basis vectors (f’ and j’): the unprimed standard cross product

triangle are unprimed left-to-right (—) complex numbers [rotation operators] and the primed cross product triangle are
primed right-to-left («-)complex numbers [rotation operators].

13
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Noting that, for the time being, priming and transpose are synonymous. Priming kx by taking the transpose, as was shown
(|2><(~))':(><(-))'(|2)':((-)'x')lz':((~)'><')|2':(-)>< k' where x =x'

Note that | was thinking of leaving this ( x’ ) primed as an indicator of operator direction but have now decided against this since it is
implied by the primed order of the basis components. It is now understood that (-)'=(-) is a functional argument on primed vectors

[and so no primed required on x], that is, operating from the right to a primed vector on the left
()'=Cn) =3 k) =(0 5 K)

The need to sort these directions became very clear to me whilst working with my TI-89. | am grateful to my calculator for this...
yeah, | love my TI-89... which programs similarly to MATLAB... and boots straight away unlike my computers. Now that the
directions are sorted (of the primed cross-product triangle), this writing is now in a position to go through the diadic expansion of the
primed basis exponential expk’ in full detail.

The exponential of the primed k-cross is
exp((-)x IZ‘H):(~)exp(>< IZ'H)

which is a right-to-left (&) operator for the primed basis components, k'-hat, j'-hat, and i'-hat, similarly as the primed basis-cross, & -
Cross (IZ x)' = x K'. Bxpanding in a power series

exp(x |2'9)=1+(x K')O+4(xK')26% + L (x k')26° +...

where each term is an operator from the right for the primed basis components applied at the left. In how I have chosen priming, here
primed means row basis vectors. Column basis vectors, on the other hand, are unprimed and are hence operated on by unprimed
operators.

The row basis i'-hat direction

f'exp(x |2'e)=i“+i"(x K0+ 20" (x k)20 + 20" (x K')°6° +...

~

e oo -3 e
(1_%02_{_%52_)i‘l+(€_%93+égs—)jl

=(cos )i+ (sing) j'

where §'(xk’) =] and i '(xk)? = |'(xK)=—i"

The row basis j'-hat direction

i'exp(x |2'49)= P KO+ LT (K20 + L] (K26 + ...

where j'xK'=—i"and j'(xk’)? =—i"'(xk)=—]"
=(-sin )i+ (cos o) '

The row basis k'-hat direction

lz'exp(x I2‘9)=I2'+I2‘x I2‘9+%kA'(>< K')26? +%l€'(x K')20° + ...

I
>
>

+0K' +0K'+0K"+... where k'x K'=0k" k'(x k)" =0k

k“.

In previous documents, specifically the first k-cross and k-hat exponential, when diadically expanding from the vector components
for the operator in the matrix basis, this was for a column basis expansion. This operates as a matrix basis onto a column basis from
the left (the matrix operator) to the right (the column operand), and so the component of each direction in the column (unprimed)
components maps to columns of the diadically expanded matrix basis. Here the diadic expansion is for a row basis, the components
of each direction in the row (primed) components map to rows. Now with the confidence that it works, | can now state it as a
theorem.

Theorem: (1) diadic expansion of unprimed (column wector) direction components map to columns in the matrix basis and (2)
diadic expansions of primed (row vector) direction components map to rows in the matrix basis.

Corollary: R® linear algebra column vector multiplication (3byl x 3by1) is a cross product, that is, sum of complex multiplications.
R® linear algebra row vector multiplication (1by3 x 1by3) is a cross product with the cross product triangle reversed, that is, sum of
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complex multiplications [which can be seen by recognizing the left to right complex/rotation operators as primed/conjugate co mplex
numbers]. This similarly defines (3by1 x 3by3) and (3by3 x 1by3) complex-quaternion-like cross products.

This is for similar reasons as these operators row or column reducing a matrix in pivotal condensation.

So the components taken together in a position (or colour) row vector for
(OF. (5O Jexp(xk'6)
then by diadic expansion result in
((-)f‘,(-)j',(-)l?‘ )exp(xl?'e):f f((cose) +(sin @) ) '] ( —sin@)i'+(coso)J'
:(~)f'((cose 1+ (sind Ij) O} ( —sind) ji'+
i

—
v

T)

- >
—_— T
>

A
U)
)

N—
—
~—
+
—~
-~
>

—
[E=N
>
>

~—

(cos@)ii' (sin@)ij" oik’
=(OFOIOK )| (-sing) ji* (cose)ji 0K
i k

oki" okj'  1kk'
that is,
cosgd sing 0 cosd sind O
exp(xli'@): —-sin@ cos® 0 nb.,actually ((-) (-) (-))exp(x IZ'&):((-) () (-))|-sing cosé 0
0 0 1 0 0 1

which is the conjugate k-hat exponential expk’ as per the earlier bit of mathematics. As a rotation matrix, this is the same as the
inverse and synonymously transpose since it is the anti-sense rotation of the k-hat exponential expk, but is a right-to-left operator.
This also demonstrates that the inverse of a basis-hat exponential is technically distinct from its transpose (primed) counterpart.
Transpose [priming] changes the direction of the operator, that is, whether it operates on a column basis position vector or a row
basis position vector (or colour \ector). Inverse does not, that is, does not change the direction of the operator. Although in most
standard linear algebra this is just a triviality, transpose and inverse are the defining features for the rotation matrixin R® so it may be
relevant at some point in the future and some specialized situations including for keeping note of the direction for which the rotation
matrix applies as an operator.

The Euler form of the primed basis-hat exponential expk’ is
exp(x k'@):(-)exp(x IZ'H)z(-)cisk'H

=(-)cosk’ @ + (-)xIZ'sink'H

=(-)cosk @ + (-)xk'sink @

:cosk49+(>< IZ'sinkH)

where cosk’@ =cosk @ and sink’@=sink &. Since we read from left-to-right, in word and in maths, it may be more convenient to
leave the conjugate of kx as a primed operator, so

exp(x lz'e)zcosk9+(12x)‘sink9 rather than exp(x IZ’H)zcosk6*+(xI2’)sink¢9

where the priming on kx implies the right-to-left direction. In scalar complex algebra, this corresponds to the sign change of the
conjugate in a complex conjugate pair. This could also be written, for convenience in some situations, as

exp(&(lz x)' ) =cosk 6 + (sinkﬁﬁx)
and given the transpose independence of sink, it could even be written for convenience as
exp(x IZ‘H) =cosk 0 +(sink 49)(I2 x)'

Instead of the diadic expansion for the row bases, the rotation matrix form can also be obtained as the first section of mathematics at
the start of this document by multiplying by expk’ (rather than expk) from the right (rather than the left)
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100 A 1Wi* ofj" ofk' iie* oijr oik’
exp(xk"e)zle*”: 01 0= 0 e o [=]0]i" 1j] ojKk'|e*=| oji* jje* ojk
001 0 0 e* | |oki' Okj' 1Kk oki'  0kj' kk'e*?

and then expanding out each of the three conjugate basis exponentials into Euler form expk’ 8 = cisk’ @ with diad decomposition into
cosk@and sink &
exp(x IZ‘H):cosk49+(>< IZ‘sinkQ)

=cosk 0 + (12 x)'sink @
doing the right-to-left component (complex number) cross products on the i'-hat, j’-hat, and k'-hat components and then rearranging
in the matrix lattice. Bit disconcerting, mind you, working right-to-left.

This technique amounts to the same thing as a diadic expansion in the row basis except it is more general for circumstances such as
for arbitrary Hermitian matrices where a conjugate basis exponential is operating on one or more of the matrix basis components
other than those exclusively and homogenously (in kx ) on the diagonal.

When the matrix basis components are visible and the scalar harmonics and rotation eigenvalue are matched/coupled with their row
basis components (that is, bracketed scale factors with their associated basis components), the conjugate k-cross basis exponential
expk’ is
i(i'cos®) 1(j'sind) i(k'0)
exp(x IZ'@): J(=i'sin@) j(j'cos®) j(k'0)
k(i '0) K(j'0)  k(k'1)
noting for above that the scalar sines and cosines are coupled with the primed basis components (rather than unprimed basis
components as earlier) for the primed (conjugate) k-hat basis exponential expk’. Keeping the scale factors bracketed and coupled
with the relevant vector base (either column or row base) within the matrix basis then indicates whether the basis exponential in
rotation matrix format has been diadically expanded as an operator for either (1) a row position (or colour) vector or (2) a column
position (or colour) wvector ... that is, expanded for either (1) a row position (or colour) vector as a right-to-left (primed) operator
or (2) a column position (or colour) vector as a left-to-right (unprimed) operator. This also then explicitly shows the difference
between the transpose and inverse when otherwise it seems as though it is just a sign change on the scalar sines. The inverse of the

conjugate (primed) basis exponential expk’ is
i(i'cos®) i(—]'sin@) i(k'0)

N -1 ~ A A A A A
exp(x k‘e) =| J('sin@d) J(j'cosd) j(k'O)
K(i'0) K(j'O)  Kk(k'D)

whereas for the unprimed basis exponential expk

(icos@)i' (~ising)j' (T0)k' (icos@)i'  (ising)j' (@(10)k
exp(mzx): (jsing)i* (jcosd) i (jO)K it’s inverse is exp(méx)'l: (~jsin®)i' (jcosd)j' (jo)k’
(KO)i" k0)j' (kDK (KO)i" k0)j'  (KDK"

Transpose, on the other hand, reverses the ordering of the bracketing when the brackets are kept coupled with the basis component for
which it was diadically expanded. exp (HIZx): exp (6? (IZx)‘): exp(x K’ 9)

’

(1cosd)i’ (~isin@) ] (10K’ i (i'cosd) i(j'sing) 1(k'0)
exp(9|2x)= (jsin@)i’ (jcosd) j’ (j0)|§' = j(i"sin®) j(j'cos6) j(Kk'0)
(k0)i" k0)j" (k1K' k(i'0) k(j'0)  k(k'D)

In most instances, the component bracketing is just a triviality (as for the sign change) although there may be times where it proves
essential to maintain this bracketing notation as an indicator of whether the operator is a left-to-right operator for a column position
vector or a right-to left-operator for a row position vector. In a future document I will be writing, the bracketing is essential to
maintain colour orientation. Without the bracketing, only positions can be tracked. Loss of bracketing will result in loss of colour
orientation.
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This is also another clear visual reminder that the components of the matrix basis occur from the outer product which expands the
vector bases into the matrix basis. The outer product showing by choice of the order positions of the bracketed scalars, that is, the
bracketed positions of the scalar sines, scalar cosines, zeroes, and the unity rotation eigenvalue. This is relevant because of the fact
that one cannot just outer product expand vectors into expk (the rotation matrix) and this requires diadic expansion and the
bracketing then shows whether the diadic expansion was for a column basis or a row basis (and hence whether it was expanded to
operate on a row or column position (or colour) vector).

Itis also relevant to changes of base between various coordinate systems.

This also shows clearly the components of matrix-matrix products are then each inner products when operating on the position vector
with the component column and row vector bases bracketed with the scale factors, the inner products showing by choice of the inner
positions of the scalars when multiplication takes place which keeps the ordering of the bracketing positions. There, of course, can be
long chains of these. Trivial becomes very non-trivial.

As another point of interest, in terms of c-programming, the basis components are essentially the memory addresses. Bracketing
keeps the scalars associated with their basis components which is essentially keeping the knowledge explicit of a data item with its
memory address when vector expanded into a matrix basis. These can be accessed and manipulated with linked lists. At some stage,
this may make for more sophistication in processors... providing, for example, a means to give the billions of transistors more
dynamic. Given that the number of transistors on a chip is reaching its quantum limit, I envisage that in the future in order to advan ce
the technology, regions of processor cores could be engineered into Rubiks quaternions.

Also, whilst on the topic of computer programming, the cross product symbol/operator x is not currently featured in ASCII (American
Standard Code for Information Interchange). Given that all 128 positions are currently full and expanding it to 256 would be
inefficient, | think that it would be useful for mathematical programmers for x to be substituted into ASCII with one of the lesser
items of importance (if a redundancy in the 128 items can be found and agreed upon). It is interesting that (*) are the nodes of a

hexagon, but I specifically require (x). I required this (x) but it is currently not available.

3. Row Reduction and Column Reduction for Pivotal Condensation

This section discusses row and column reductions (pivotal condensation) by the technique of applying unprimed and primed basis
cross products. This is the workings of Gauss pivotal condensation to echelon forms by use of complex numbers [rotation
operators], that is, with i=k x (and jx and i x) for row reductions and i’:(le)’ (and (jx)" and (i x)") for column reductions
respectively.

As was noted in k-cross and k-hat exponential, the operators kx, jx, and ix as unprimed operators can be used to rowreduce an R®
matrix to echelon and row reduced echelon form. These operators do so as left-to-right operators on the matrix basis. Equivalently,
the primed operators can be used to column reduce and do so as right-to-left operators on the matrix basis. This small piece of
mathematics shows why row reduction and column reduction can be carried out similarly. It is therefore a mathematical proof in
terms of the basis functions, which although somewhat trivial, shows how it works. It is also the workings of obtaining the minimum
basis cross product factorization of an R® matrix (explaining and extending the Cayley-Hamilton theorem for R®... that is, when I start
doing the calculus).

As for the previous section, priming has required the recognition that when working and writing out the mathematics of primed
operators [basis variables appended with x], the direction of the cross product triangle is reversed. This is reading their cyclic
properties in the other direction similarly as being right-to-left operators rather than left-to-right operators of the unprimed
complex numbers [unprimed basis cross-products].

Either row reduction or column reduction can be shown by

(1) applying to the unprimed vector basis in the matrix being row reduced, from left-to-right, the row operation with kx or

(2) as a priming of a primed matrix (transposing it) being operated on fromthe right-to-left by (kx)" =xk’.

The working matrix is
a b c -1

A=|d flixjx—jxix=kx=
g

e
h i

o O
o O o

0
0
Applying kx from the left to A, Kk x A, to row reduce the matrix with linear combination then crosses out the k-hat-row, changes the

sign of the j-hat row, and then permutes it with the i-hat-row with the crossing-sign-change of the j-hat row (which, of relevance,
gives the operator the property of quartic roots of unity):
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a b c 0 -1 0Ya b c) (-d —-e -f
(1) kx A=kx|d e f|=[1 0 0|d e f|={a b ¢
g hi)Jlo o olg h i 0 0 O

Priming the row reduction operation (with transpose), that is priming both the operator and the operand, then
(leA)'z A‘(IEx)': A (x'lZ')z A' (xl?') which is then primed k-cross (a column operator) operating on (fromthe left) transposed

A which then carries outthe equivalent column operation on the transpose of A, that is, crosses out the k’-hat-column, changes the sign

of the j’-hat-column, and then permutes it with the i’-hat-column. This has hence converted the operator from that used for the row
reduction to that used for a column reduction demonstrating equivalence:

a b c adg adg)yo0o 10 -d a 0
@ (kxA)=|d e f|xKk'=|b e h|xk'=|b e h|-1 0 0|=|-e b 0
g h i c f i c f i0O 0O -f ¢ O
The cross product maths for left to right (k-cross, kx) row reduction is
aii' bij' cik’ akxii' bkxij' ckxik') (—dii' —eij" —fik'| (—d —e f
(1) KxA= (kx)djf ejj" fik'[=|dkxji' ekx]jj" fkxjk'|=|aji' bjj" cjk'|=|a b ¢
gki' hkj' ikk'| |gkxki' hkxkj' ikxkk'] | Oki' Okj' Okk' 0 0 0

where (kx)i =], (kx) j =—iand (kx)k =0K.

Theorem: The operation (IZx)A defines a 3byl x 3by3 vector-matrix product. Such an operation may be called left-to-right
quaternion product (complex number product when the cross operator has a single component as here for kx). The 3by1 appended

with x is diadically expanded into a 3by3 so that the left-to-right quaternion product is implemented with a 3by3 * 3by3 with an
ordinary matrix multiplication.

For (IZ ><A)' = A‘(IZ X ) =A' (x‘IZ' ) =A' (xIZ‘) the cross product maths for right to left (primed k-cross, (kx)") column reduction is

aii' dij' gik' aii'xk' dij'xk' gik'xk’ —dii' aij' oik' d a0
) (kxA): bji ejj hj|2'(x|2')= bji'xk' ejj'xk' hjkxk'|=|-eji* bjj 0jK'|=|-e b 0
cki' fkj' ikk' cki'xk' fkj'xk' ikk'<k'| |-fki' ckj' okk'| \-f ¢ O

where f‘(><|2') =i, i'(xkA') =—i' and IQ'(xIZ') =0k' where the primed operators rewerse the order of the cross-product triangle,

that is, since they operate right-to-left when viewed from left to right appear so as the direction of the cross product triangle has
been rewersed.

Theorem: The operation A(IZx)’ = A(xIZ)' defines a 3by3 x 1by3 matrix-vector product. Such an operation may be called right-to-
left (conjugate) quaternion product (complex number product when the cross operator has a single component as above for x k’).

Note that the reduction by use of linear combinations of kx, jx, and ix exploits the fact that kx, jx, and ix are singular.

Since the linear combination of unprimed basis crosses (kx, jx, ix) that row reduce a matrix to the identity, the operators that bring
the matrix to reduced echelon form then forms the basis-cross-product-factorisation for the inverse of that matrix This can then be
inverted for the basis factorisation of the matrix. This piece of mathematics shows that the equivalent basis-cross-product-
factorisation can be expressed in terms of the primed basis crosses (xk’, xj’, xi') and demonstrates how one would do this, notably,
find a combination of the primed-basis-rotation/curls that column reduce the matrix to the identity. This combination of the basis-
curls is then the basis-cross-product-factorisation for the inwerse and for which can be inverted for the cross-product basis-
factorisation of the matrix itself (the inverse of the inverse). When this polynomial in kx has minimal factors, it then forms the
minimum polynomial. ’ll be doing all the maths with eigenvalues in a latter planned lot of work [although, as here, it doesn’t actually
need eigenvalues... I have been doing all of this work as preparation to eigenvalues and calculus... this is purely algebraic,
eigenvalues are calculus].

Equivalently, other than the transpose of the matrix being reduced, priming the operation of A operated on by primed k-cross
(Ax R')':(x IZ')'A‘:( IZ')'(x )‘A':IZXA‘ which is then unprimed k-cross operating (from the right) on transposed A which has

hence converted operator fromthat used for the column reduction to that used for a row reduction. These are
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!
a b c

0 -1 0Ya d g -b —-e -h
kxA=kx|d e f|=[1 0 O|b e h|=|a d g
g h i 0 0 O foi 0 0 O
and
a b c a cyO0 10 -b a 0
AR x)=AxK=|d e f|xk'=|d e f|-1 0 0|]=|-e d 0
g h g

i h ilo 0o0) |-h g o

The mathematics demonstrating Ax k' and (Ax |2')'=(>< IZ')'A’:(IZ"X')A':(IZX)A’ with the cross products on the basis
components in the matrix basis is the same for the rearranged scalar components of A and so is omitted.

This small bit of mathematics has shown why row reduction and column reduction can be carried out similarly with linear
combinations of unprimed (left-to-right —) and primed (right-to-left «) basis-cross-products respectively. It demonstrates further
that it is the single component basis cross products [complex numbers/quaternions] that do this (and implemented in diadically
expanded form). This potentially provides another relevant item of theory for [teaching, learning, and doing] linear algebra. For my
purposes, it provides the required basis in which to do calculus within volumes in R® and shows how it all works for an extension to
Rubiks quaternions. It also demonstrates that linear algebra (for the time being, in R® and the subset R?) is a system of complex
numbers and so consequently, the separate fields of R® linear algebra and complex algebra are now unified.

4. Diadic Mathematics — Matrix Transpose

Here 1 outline the diadic mathematics which demonstrates the mechanics of transpose, similarly to that of matrix multiplication. If for
nothing else, it is interesting. The working matrix is

a b c) [adi) bdi) cdk)
A={d e f|=[d(ji") e(ji) f(ik")
g h i) |gki) h(kj) i(kk")

and in full basis expanded form this matrix is

A=aii'+bi j'+cik'+dji'+ejj'+ f jk'+gki'+hkj'+ikk'

Taking the transpose of both sides

A'=(aff‘+bfj'+cfl2‘+d jivejj+f jl?‘+g|2f'+hl2j'+il€|2')‘ transpose of sum equal to sum of transposes
=a(ff')‘+b(f°')‘+C(f|€')'+d(jf‘)'+e(ii')‘+f(jkA')'+g(kAiA')‘+h(kAj‘)'+|(kAkA')'
=a(f' T b i')'i”+c(|2')‘f'+d(f‘)'j'+e(j‘)'j'+f(lZ')'j'+g(f')'I2'+h(j')'l2‘+i(I2')'I2‘
=aff‘+b]f'+c|2f‘+dfi'+ejj+f|2j'+gf|2'+hj|2'+il2|2‘

a d g) [a@i) d@j) gdk)
(b e hi=b(ji") e(jj) h(jk)

c i) lekiy fkj) ikk)

which is the transpose of A.

Transpose of the row basis expanded form returns the transpose of A in a column basis expanded form and visa versa. The
transpose of the column basis expanded form returns the transpose of A in the row basis expanded form. This may prove useful in
certain circumstances. Such instances include row and column reductions.

The matrix basis factorised into row basis expanded form is
A=(aii+b i j+cik)e(djirefi+f jK(gki+hK jr+ikK)
=f(af’+b J+ck )+ jldi e + K )+k gf’+hj’+i|2’)

and its transpose is
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A'=(f(af'+bj'+ C|2')+ j(df’+ej'+ f I(A')+I2(giA'+h j+||2))
:(af+bj+cﬁ)f'+(df+ei+ f IZ)i'+(gf+hi+iI2)l2‘

which is the sum of row vector bases times column bases, that is, the transpose is expressed in column basis expanded form. Also,
applying kx from the left to A on the right (which notably results in a 3by3 matrix basis after a 3by1 x 3by3 quaternion product)

lzxA=I2xf(af'+b j'+c|2’)+|2>< j(df’+e]’+ f IZ')+I2xIZ(gf’+hj’+il€’)
= —f(d V+ej +f IZ’)+ j(af’+b j’+c|2'>+ IZ(Of'+Oj'+0I2’

which demonstrates kx (and jx and ix) as the working tool for row reduction and so demonstrates the working principal of row
reduction by complex number cross products [rotation operators] in an algebraically pleasing and concise way.
Factorization of A in column basis expanded form
A=(aii+d ji+ gk (b7 +ef i +hk i)+ (cikr+ £ jK +ikK)

:(af+d ]+g|2)f’+ bf+ej+h|2)i’+<cf+ fj+ik)k’
and its transpose is
A’=((af+d j+ ng)f‘+(bf+ej+hl2)i'+(cf+ f j+il€)|2')‘

= f(af‘+ d j'+ g IZ‘)+ j(bf'+e j‘+ hkA')+ kA(ciA‘ + f j'+ i IZ)
which is the sum of row bases times column bases, that is, the transpose is expressed in row basis expanded form. Also, applying
xk’ from the right to A on the left (note that this is 3by3 x 1by3 = 3by3)

AxIZ’:(af+d j+g|2)f’xl2'+(b f+ej+hl€)1’x12’+(cf+ f j+i|2)|2’><l2'
:—(biA+ej°+hI2)f’+(af+d ]+g|2)]°’+(0f+0]°+0|2)l2’
which demonstrates (kx)’ (and (jx)" and (ix)’) as the working tool for column reduction.

Hence this shows that these forms can also be used for convenience to demonstrate rowand column reductions and is a main reason
that they have seemed worthy of discussing despite being elementary. | also like how it looks as it shows that a matrix is a
composition of complex numbers and quaternions.

Theorem (from the first document): a standard R® position vector appended with x is a quaternion and the components are complex
numbers (orthogonal axis rotation operators: Kx, jx ,and 1 x).

Corollary: A matrix is a composition of these complex numbers (orthogonal axis rotation operators: kx, jx ,and 1 x ) applied to a
primed vector basis (i’, ', and k").

This algebra of transposes and matrix multiplication, as well as basis cross product factorisations, demonstrates again that matrix
algebra is the algebra of vectors [and hence complexnumbers], most particularly, the inner and outer products of the basis vectors [of
the complex numbers]. All matrix mathematics is the mathematics of the inner and outer products of vectors (the basis vectors) with
the cross operator for basis crosses (of the basis vectors) of these vectors as the working tool of factorization.

I am of the opinion that all linear algebra can essentially be taught as systems of vectors and diadic expansions since all the mechanics
can be proved, and hence taught systematically, in terms of vectors and diads which gives matrix algebra a systematically complete
theoretical basis. This is a complementary addition to the standard teaching and learning the systems by wrought and complements
how I learned linear algebra by wrought, in terms of the vector axioms, and knowing (absolutely frompast experience) that it works. |
also think that this will make group theory a fully applied field of mathematics, especially in the context of Rubiks quaternions, given
the group properties of kx, jx, and ix.

I fully endorse the use of Rubiks quaternions (Rubiks cubes) in academic and applied mathematics.

| am also stating again that | think that Erno Rubik should be nominated for a Nobel Prize in Physics.
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5. Nilpotent Mixed Double Crosses and their Exponentials: jxkx, kxix,and jxix
and expjk, expki, and expji

Since there are three R® axes and so three basis vectors generating these axes, there are three complex numbers once those basis
vectors are appended with x, one for each lattice plane of R® that intersect orthogonally at the origin (three mutually orthogonal
Argand diagrams of real R%). These complex numbers are single component cross products.

So there are three complex numbers (kx, jx, ix) for any vector basis as operators for that space. Similarly, there are nine second
order complex numbers. These are the three double crosses (kxkx, jxjx, ixix corresponding to i=-1, j*=-1, and k* =—1 ) and
six mixed double crosses (ixjx,ixkx,jxix,jxkx,kxix,and kxjx)as perthe tables of second order basis curls, single component cross
products and repeated single component cross products that [now] define complexnumbers.

The six mixed double crosses (ixjx, ixkx,jxix, jxkx,kxix, and kxjx) are nilpotent and these nilpotent operators and the exponentials
of these nilpotent operators are the topic of this section of mathematics. The six mixed double cross exponentials are expij, expik,
expji, expjk, expki, and expkj, which can be compared with expi, expj, and expk (the rotation matrices [complex exponentials]), and
exphi, exphj, exphk (the hyperbolic matrices), and expii, expjj, and expkk (the exponential attenuation matrices). The nilpotent
second order mixed double crosses are the exponentials of the non-diagonal terms in a cross-product operator: three of which (kxjx,
kxix, and jxix) are upper triangular matrix positions [once diadically expanded] and the other three (ixjx, ixkx, and jxkx) lower
triangular matrix positions.

Three of the six will be the focus for consideration, k-cross-j-cross (kxjx), j-cross-i-cross (jxix), and k-cross-i-cross (kxix) and their
exponentials expji, expki, and expkj. These (kxjx, jxix, and kxix) are the upper triangular matrix postions once diadically

expanded. For example, considering K x j x : for column basis components, j-hat is null immediately (from j-cross), i-hat is null from

the k-cross after the first j-cross permutes it to k-hat, and so the only non-trivial operand of k-cross-j-cross (kxjx) is that operating on
k-hat which returns j-hat

o kX)X =(kx)jxj=(Kx)0])=0kx)j=0i
o (kx)(]X) =(kx)(Jx)T = (kx)(jxT) = (k x)(-1k) =0k
o (kx)(Jx)k =(Kx)(J <)k =(Kx)(jxk) = (kx)i =1]

Upon diadic expansion mapping these vectors to columns, then, there is only one component in the matrixbasis, the j-hat entry of the
k-hat column. Hence

000
Kxjx =0 0 1
000

Alternatively, since k x and jx have already been diadically expanded, the product of the two diadically expanded operators is

0 -1 00 01 0 0O
kxjx=(Kx)(jx)=/1 0 1] 0 0 0|=|0 0 1
0 0 Of-12 0 0 0 0O
This and the other two, as a set, are
010 0 00O 0 01
jxix=|0 0 0 kxjx=[0 0 1 kxix=|0 0 0
0 0O 0 00O 0 00O
Also, the lower triangular mixed (nilpotent) double crosses are
000 00O 0 00O
ixjx=[1 0 0 ixkx=[0 0 0 ixkx={0 0 0
000 010 1 00

which are in the form of the transposes of the upper triangular nilpotent double crosses but without priming of the vector basis since
these are obtained by diadic expansion. These imply the following three cross product identities discussed earlier

~ ~

| xkx=1x Kxix—1xkx=

2 2

fXjX—ijX:lZX leZX—
The minimum basis factorisation of the third order upper 3by3 nilpotent matrix is the sum of the first two of the upper triangular

nilpotent double crosses, N= jxi x + Kx jx ,
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010) (000 (010
jxix +kxjx ={0 0 0[+/0 0 1|=|0 0 1|=Ns
000000 (000

The square of the nilpotent matrix is the third above N? = Kxixie.,

0107 (001

(jxfx+|2xjx)2: 0 0 1| =/0 0 0|=kxix
0 00O 0 0O

This also makes showing the nilpotent properties easy:

N = jxix+kxjx=1 ] +]K'

Squaring N for N2

KT K JK K =1 0) j+ J(0) J+T WK+ JO)K'=TK"

—

N7 =(i jIZ‘)Z (i 5 k(3 k) =R g

which is the diadic expansion of kxix and the upper right corner of the 3by3. The squaring of N hence has rank 1 nullity 2
increasing the nullity by 1 by the property of nilpotence of the two mixed double crosses

001
N2=ik'=|0 0 O
000

To third order power for the cube of N

N* :(fj'+ jIZ')S:fIZ'(fj‘+ le'):le‘fi'+f|2'j|2':f(0)j'+f(0)|2'=

o O O

00
00
00

which is the zero matrix hence demonstrating nilpotence. This shows how a nilpotent matrix gets its properties, from combinat ions of
k-cross, j-cross, and i-cross that terminate. The theory of nilpotence and Jordan forms then puts to work those combinations that go
nowhere... combinations that lead to zeroes rather than infinite series. This then simplifies the mathematics and is the unique feature
of the nilpotent operators.

For interest, comparing the above with the lower triangular entries and the equivalent lower triangular nilpotent matrix

010 0 01

upper:Nzij +jk'={0 0 1 upper squared: N3> =ik’={0 0 0| (the upperanti-diagonal 3 of the 6 mixed double crosses)
000 00O
00 000

lower: N3 ji’ +kj={1 0 O lower squared: Nz =ki’ ={ 0 0 0| (the lower anti-diagonal 3 of the 6 mixed double crosses)
010 100

The important feature of nilpotence is that it truncates power series expansions, and so simplifies mathematics in circumstances where
it would otherwise become overwhelmingly complicated. Hence, nilpotence is used to simplify matters [between axes] and in this
way is used to generate finite series as apposed to infinite series in the cross products, and hence form arithmetic and geometric
sequences from matrix powers once the relevant eigenvalues are added by exponentiation.

Bxponentiation of the nilpotent mixed double crosses is considered now. The mixed double cross exponentials, such as expjk,

emzij( . ):exp(é?lz x §x)(-), have been curiosities up to this point because of the nilpotence such as kxix =N 2. These are much

more than just a curiosity because these operators are what generates the intricacies of Jordan matrices and so is the theory used to
obtain eigenvalues of non-diagonilizable matrices. This is also why the theory of Jordan matrices works similarly with either the
upper diagonal entries or the lower diagonal entries. This provides an important complement to harmonics and reflections.

The exponentiation of the kxjx (k-cross-j-cross) adds the unity diagonal elements, which makes the otherwise singular operator
positive definite. Powers then provide a counting matrix where the power index is in the position stipulated by the mixed double
cross, that is, in the jk’ position in the case of kxjx. The mathematics of the powers is interesting since it generates the arithmetic

sequence in the matrix basis for these powers.
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Because k-cross-j-cross is null immediately after the first power (because of the nilpotence), all expansions of the exponential kxjx
(that of expkj) are at most first order in j-cross-k-cross

e’ 0% () = exp(OK x | x)
:l+(l9|(A><j><)+%(6’|2><j><)2 + ...
=1+ 0(Kx]x)+ 207 (kx]x)+..
=1+60(Kx]x)+0(Kx ]jx)
=1+0(Kx)(jx)+0(Kx]x)

where o is order notation here o(k x j x) for powers in the mixed double cross | xk x . In each component direction

e column basis i-hat direction e () =T+ 0K x)(Jx ) +0(Kx|x)i =1
e column basis j-hat direction e () =]+0Kx)Ix)]+okx]x)i=1]
e column basis k-hat direction e ()k=k+O(Kx)(Jx)K+okx]x)j=0]+kK
For a diadic expansion in the column basis, omponents become columns
100
expkjd = eI (. )=exp(@kx jx)=1+0Kxjx =[0 1 @
0 01
or equivalently,
100 0 -1 00 01 1 00 0 0O 100
expk O =1 +OKx jx=1+0Kx)(jx=/0 1 0|+6/1 0 0|0 0 0|=|0 1 0[+60 0 1|=|0 1 @
0 01 0 0 Of-1 0 O 0 01 00O 0 01

Hence, the exponential has added the identity to the diadic expansion of the operator and so given the operator a diagonal making it
full-rank. For expji and expki, the mathematics is similar as above. These are

160 100
expjifd = e’ =1 +9fxix =[0 1 0 expki@ = e’ =] + Okxix ={0 1 0
001 00 1

The formulae | + 6K x ix, I+¢9jxfx ,and | +6kxix for expk]j, expji, and expki are essentially Euler forms for the basis

exponentials with basis nilpotent cross-products rather than cyclic properties of kx, jx, and ix. Because of the nilpotence, the cyclic

properties of the harmonics (coskj, cosji, coski, sinkj, sinji, sinji, and sinki) essentially breakdown and so form identity matrices of
the small angle approximations for cosine and sine

100 17
coskjod =cosjid =coskid=1={0 1 O sinkjd =sinjig =sinkid=01=| 0
001 0

o o O

0
0
0

Therefore these diadically expanded matrix operators of basis exponentials can alternatively be expressed in an Euler type form

100 0 0 0 000
expij:coskj¢9+(sinkj9)I2xjx: 016 where coskjp=1, sinkjd=01={0 6 0 ,and kx jx ={0 0 1
001 00 0 000

160 0 0 0 06 0

expji @ = cosjid + (sinjig) jxix=|0 1 0 where cosji@=1, sinji@=01=|0 6 0|,and jxix=0 0 0
0 01 00 0 0 00

100 & 0 0 00 6

expkid = coski6 + (sinki@)k xix=|{0 1 0 where coski@ =1, sinki@=01=|0 6 0| andkxix={0 0 0
001 00 0 000
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So therefore, since there are Euler type expressions, there is also the de-Moivre’s theorem for powers. So for de-Moivre’s theorem
applied to the nilpotent basis function, raising expkjé to the nth power for (expkjé) " and binomially expanding

10 0
egk‘*i*(-)=(exp(e|2xjx))”=(|+9|2xjx)”=|"+n9|2xjx+o(k‘xjx)=|+n9|2xjx: 01 no
00 1

Hence, de-Moivre’s theorem for the basis exponential expkj& of the complex-like number k x jx is

1 0 O
(exp(ﬁl?xjx)) =1+n0kx jx=[0 1 no
0 0 1
ie.,
1 0 0Y 10 0
(expkje)”=(coskj¢9+(sinkj0)l2><j><)n: 0 1 6| =coskjnd+(sinkjn@)kx jx=|0 1 no
0 01 0 0 1
and similarly
10 0 1 n0 0
(expjiH)”:(cosji0+(sinji9)jxfx)n: 0 1 0| =cosjind+(sinjind)jxix=[0 1 0
0 0 1 0 0 1
10 6 10 no
(expkiH)”:(Coski9+(sinki6)I2xfx)n: 0 1 0| =coskin@+(sinkin@)kxix={0 1 0
0 0 1 0 0 1

as well as for the three lower triangular mixed double cross basis exponentials.

In comparison with the rotation matrix and attenuation matrices, this mathematics shows how the nilpotent entries are uniquely useful.
This usefulness is hence demonstrated as the fact that they truncate the power series when in exponential form. That is why they are
indispensable and core to the theory of Jordan matrices and the theory of otherwise non-diagonalisable matrices. The first five powers
of the curiosity of the k-cross-j-cross exponential expkj

okxjx \' okxix \2 okxix \° okxix ! okxix \°
(e XJX) ,(e XJX) ’(e XJX) ’(e XJX) ,(e X]X)

are expkjo expkjd) 2 (expkjd) > (expkjd) *  (expkjo) ®
1 0 O 1 0 O 10 O 1 0 0 10 0
kxjx exponential, expkj )"= [0 1 10|, [0 1 26|,]0 1 30|.|0 1 40|, |0 1 50

0 0 1 0 0 1 0 0 1 0 0 1 00 1

and similarly for the other two upper diagonal nilpotent basis exponentials expji and expki

expjio Eexpii6) > (expiie) ® (o)t (expiig) °
1160 0 1 20 0) (1 30 0 1 460 0 1 50 0
jxix exponential: (expji 6" =0 1 0f,|{0 1 O0f,|0O 1 0,0 1 0],|0 1 O

0o 0 1){0 0 1){0 0 1) {0 0 1) (0 0 1

expki @ (expkid) 2 (expki®)®  (expkid)*  (expki6)®
1 0 10) (1 0 26) (1 0 39) (1 0 40) (1 0 50
kx ix exponential, (expki &' =10 1 0(,|0 1 0|,/O1 0|,/0 1 01},|]01 O
00100 1)J{oo 1)(o0 1){0oo0 1

which shows that the kk ” for the kxix exponential expki is in arithmetic progression noting that these would be the zero matrix after
the second power if the identity had not been added from exponentiation. Note that reversing the order of the basis -crosses that are
exponentiated (before diadically expanding) changes the positions from, as here, the upper triangular positions to the equivalent
lower triangular positions [and so why Jordan forms can be implemented with either]. The nilpotence instead means that powers are
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in single term arithmetic progression rather than infinite sine and cosine series that sum into harmonics. The mixed basis-double-
crosses in the two nilpotent Jordan positions can be combined in the exponential of their sum

1001 b 0) (1 b O
expkj(a)expji(b):(l+a|2xjxX|+bjxi‘x): 01 af0 1 0|=|0 1 a
00 1J00 1) (00 1

Note that when writing this page out, | was concentrating on the powers so this document had two equations that do not hold good
which I should have realised but doesn’t matter because it is a basis for some further theories regarding (1) when diadic expansions
hold for conjugated functions of basis operators and (2) also explains why the cross operators commute with plus ‘+” but not in
multiplication after exponentiation (which is a result in Jordan matrices which can be extended to that for diadically expanded
operators). This is

0boO 0 0 ab
=|+00a+1000
0002000
1 b lab
=0 1 a
00 1

and so exp(al2>< jx+bjxfx)¢ expkj(a)expji (b) which is a refresher for Jordan forms since the first row in an exponential of a

Jordan form is a Poisson series, here to order 2. Normally in solving a Jordan eigenvalue problem a and b are time t so this matrix
would be

N

£2
t
1

o b o~

1
exp(t(lzx jx+ jxfx)): 0
0

which just goes to show that this maths in terms of cross products as complex numbers [basis rotation operators] works exactly as it
should with known mathematics, mathematics which is the crescendo of UNSW second year linear algebra. Note that this is the
important and crescendo result for exo(t%(O)) which further demonstrates that the mathematics of basis functions appended with x

as complex number-like rotation operators (here the mixed, and hence nilpotent, double crosses) works perfectly in conjunction with
known linear algebra. Note that

N

t2
t
1

o ~

1
e0(tJ5(2) ) =exp (2t +135(0) ) = exp (2t)exp (t J5(0) ) = exp (At)exp [t (K x fx-+ fxi x))=e%| 0
0

where in this instance the exponentials of J and its argument Ado break into products. The mathematics of solving Jordan systems can
be complicated so this is another possible area where the theory of basis operators (and their diadic expansions) can likely improve
understanding and make the mathematics more intuitive and easier to apply.

Powers of the two basis exponentials (and not the exponential of the two component operators) result in entries being the first terms
in binomial series

1 a 0 1 2a ab 1 3a 3ab 1 4a 6ab 1 5a 10ab
expk ja)expji(b) 0 1 bj,|0O 1 2b|,|0 1 3b|,|0 1 4b|,|0 1 5b
0 01 0 0 1 0 0 1 0 0 1 0 0 1
and
1 b O 1 b 0Y1 0 ¢ 1 b c
expkj(a)expji (b)expki(c)=|{0 1 a (I+c|2xfx): 01 a0 1 0|=|0 1 a
0 0 1 0 0 10 0 1 0 01

for the series of powers
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1 ac 1 2a ab+2c 1 3a 3ab+3c 1 4a 6ab+4c 1 5a 10ab +5c
expkj(a)expji (b)expki(c) 0 1 bl,|0 1 2b 10 1 3b 10 1 4b , 10 1 5b
0 01 0 0 1 0 0 1 0 O 1 0 0 1

Diagonal entries can also be scaled which places powers of ascending order along rows. The mixed double crosses introduces the
nilpotence and then the exponentiation removes that nilpotence [by adding the eigenvalues ] to form the geometric series. This series is
in contrast to harmonic and hyperbolic for the other basis exponentials, i.e., harmonics for expi, expj, and expk, exponential
attenuation for expii, expjj, and expkk, and hyperbolics for exphi, exphj, and exphk which I am comparing and contrasting here.

Note that exp(aIZX jx+b jxfx+cI2xfx)¢ expkij(a)expji (b)expki(c) and rather
( - A N - 2o N 1 R 2o N
exp ak><j><+bj><|><+ck><|><):|+(ak><j><+bj><|><+C|(><I><)+E(ak><j><+bj><l><+C|(><I><)2

0 0 b c

o o r O ok
O r T OFRFr O
[

o
o
o

nb: because a product of diadically expanded operators equals the diadic expansion of the product, | had assumed whilst solving on
the fly that this would also hold for exponentials which it does not which is good to know and explains the issue of non-commuting
basis exponentials despite the sumof the cross-product indices appearing to commute. When a, b, and c are time t this is

Purely for interest, these powers and resulting progression for the mixed double-cross exponential ciskj can be compared with de-

~ .\l - 2 - 3 - 4 ~ 5
Moiwre’s theorem for those powers for the single basis-cross exponential cisk (e"kx' ) ,(e“’k* ) ,(egk* ) ,(e"k* ) ,(egk* )

cosld -—sinl@ O cos20 —sin26 0 cos38 -sin38 0 cos40 —sind@ O cos560 -sin560 0
sinl9 cosl@ O], |sin20 cos20 0 |,|sin3@ cos39 0 |, |sindd cos4d 0|, |sin50 cos50 0
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1

which shows clearly that expkj powers are a form of de-Moivre’s theorem when the component harmonics (complex exponentials)
have nilpotence and hence form geometric series rather than harmonic and hyperbolic series. Note further that it is the first order k-
cross, the quartic root of unity for the xy-plane, that puts the sines on the anti-diagonals which maintains the harmonics with [de-
Moivre] powers.

Loao\1 A A 2 A A 3 A A 4 P 5
Also comparing with the series in the k-hat double cross exponential expkk (e""x“x ) ,(e""x“x ) ,(e”*"*) ,(e""*"*) ,(egkx"x )

expkk 6 (expkk 6) ? (expkk ) 3 (expkk &) 4 (expkk 6)
e 0 0) (e* 0 0) (e* 0 O0)(e* 0 0) (e 0 O
kx kx exponential, (expkk &)" = | 0 e’ 0f,| 0 e* 0 0 e* 0f,|] 0 e* o0f,] 0 e* 0

o 1,0 o0 1,({0 O 1)t 0 0 1J{0 o0 1

which is definitely interesting for comparison purposes.

Theorem: Every basis exponential has a Euler form by decomposition into even and odd components. This is by virtue of the power
factor expansion of the relevant exponential cross-product or series of cross-products.

Corollary: Every basis exponential has a generalized form of de-Moivre’s theorem for powers. This is by virtue of raising basis
exponentials to powers.

Summarizing as Euler forms and powers for (1) cyclic (harmonic), (2) attenuation (exponential), (3) hyperbolic, and (4) nilpotent
(progression) de-Moivre’s theorem(s):
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(1) cyclic (harmonic)

cos® —sing 0Y" cosnd —sinnd 0
(expkH)”:(cosk0+(sink0)lzx)”: sind cosd 0| =coskn@+(sinkn@)kx=|sinnd cosnd 0
0 0 1 0 0 1
cosd 0 sing\" cosngd 0 sinnd
(expjo)" (cosu?+(sm10)] ) 0 1 0 | =cosjnd+(sinjnd)jx 1 0
—sin@ 0 cosé —sinngd 0 cosnd
1 0 6 6
(expie)"=(cosi9+(sini9)fx)n: 0 cos® —sin@| =cosind+(sinind)ix=|0 cosnd -sinnd
0 sin@ cosd 0 sinn@ cosnd

(2) attenuation (exponential)
n

e 0 0 e™ 0 0
(expkke)”:(coskk9+(sinkke)|2x|2x)”: 0 e 0| =coskkn@+(sinkkn@kxkx=| 0 e™ 0
0 0 1 0o 0 1
e? 0 0) e 0 0
(expjj@)”=(cosjjz9+(sinjj9)jxjx)n: 0 1 0 | =cosjjn@+(sinjjnd)jxjx=| 0 1 0
0 0 e? 0 0 e™M
1 0 oY) 1 0 6
(expii@)”:(cosii0+(sinii9)fxfx)n: 0 e’ 0 | =cosiing+(siniing)ixix=|0 e 0
0 0 e? 0 0 e™

(3) hyperbolic

coshng sinhng 0
(exphko)" :(coshk9+(sinhk0)(f>< jx+jxfx))1 =coshk (n6) + (sinhk (NO) )T x ] x+] xi x)=| sinhnd coshng 0
1

coshng 0 sinhné
(exphj )’ :(COShjt9+(Slth(9)(k><l X+ xkx))7 = coshj (n6) + (sinhOk (n&) )k x i x+i x k x )= 0
sinhnd 0 coshné

1 0
(exphia)“=(coshi9+(sinhie)(jx|2x+|2xjx))’=coshi(n9)+(sinhi(ne))(jx|2x+|2xjx): 0 coshné sinhn@
0 sinhn@ coshné

(4) nilpotent (progression)

n

1 00 10 O
(expkj&)"=(coskj9+(sinkj6’)|2x]x)n= 0 1 6| =coskjnd+(sinkjnd)kx jx=|0 1 no
0 01 0 0 1

1 6 oY 1 n6 0

(expjio)" <COSJ|0+(S|nJ|0)j ] )n: 0 1 0| =cosjind+(sinjind)jxix=[0 1 0

0 01 0 0 1
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)" 10 no
0| =coskin@+(sinkin@)kxix=|0 1 0
1 00 1

o+ O

1
(expkig)" =(coskie+(sinki9)|2xfx)" =0
0

All of these formulae also hold for the cis-scaled bases, those of polar cylindrical (r-hat, & -hat, and z-hat) and polar spherical (r-hat,
G-hat, and ¢hat) bases.

So it first appears that the interactions between the complex numbers on each of the orthogonal planes that zero and appear to lead
nowhere are not as interesting as the complexnumbers on each of the planes (kx, jx, ix). It is then seen that these generate series from

simplifications when expanded. It is then seen further that these are the necessary features of Jordan matrices and solving
progressively higher orders of differential equations that are signified by non-diagonalizable matrices. This shows the importance of
the interaction and hence quaternion properties of the single component basis cross products when they interact between the
orthogonal axes (that is, when they operate for more than one of the three principal rotation axes).

6. Quaternion Triple Cross and Basis Exponential

The third order quaternion-like crosses are considered now. These are the single component third order cross products consisting of
kx, jx, ix in the six possible permutations. These operators return a specific basis-hat (single component basis-vector) after being
applied to that basis-hat. This means that they are identity for that basis-hat, one positive and one negative. The three that are positive
are consequently idempotent operators. For a quaternion these were the positive equivalents to ijk = -1 and why | have called the

mixed triple crosses quaternions despite actually being a single term in a vector triple product. This is actually i x j x K x ()=-1")
for j-hat ( j) and is null for k-hat and i-hat. Since the component basis-crosses do not commute and hence changing the order [in this
particular instance] changes the sign, that is [if these were complex numbers], kij = +1, or more correctly, K x jx i x (1) =+1-) forj-

hat, j (and also null for k-hat and i-hat). Interesting though, and as an ongoing them, although the individual basis -crosses don’t
commute, when taken together as a single operator, it commutes with others of the same type so that any function of
K x jx1 x () =+1(-)will commute with any other function ofk x jx1x(-)=+1(-) which may prove useful at some stage when
difficulties are encountered from terms otherwise not commuting.

As basis operators, the quaternion-like operator [in the mutually perpendicular basis-crosses] are kji for j-hat, ikj for k-hat, and jik for
i-hat, that is, K x jx i x j-hat, i xKx jx fork-hat,and jxi xK x for i-hat. These are the three cyclic permutations of kji (that is,

the cyclic permutations of ijk in reverse, those of ijk are the negative identities) and are highlighted in the third order curl tables of the
first k-cross document | wrote.

In the required full notation of k-cross, j-cross, and i-cross, these are the quaternion identity operators for each basis vector, the
positive quaternion triples crosses

~

K x jxix=+1 (kji) for j-hat, j (the positive j-hat quaternion, noting that j-hat is in the middle) and null for k-hat and i-hat

jxix Kx =+1 (ikj) for k-hat, k (the positive k-hat quaternion, noting that k-hat is in the middle) and null for i-hat and j-hat
i xK x jx =41 (jik) fori-hat, i (the positive i-hat quaternion, noting that i-hat is in the middle) and null for j-hat and k-hat

i.e., the cyclic permutations of the three factors of K x j x1 x. With the cyclic permutations in the reversed order, I x ijZX , the
negative j-hat, k-hat, and i-hat quaternions (the negative quaternion triples crosses) are

i x jlex =-1  (kji) for j-hat, j (the negative j-hat quaternion, noting that j-hat is in the middle) and null for k-hat and i-hat

fal

j x Kxix=-1 (ikj) for k-hat, K (the negative k-hat quaternion, noting that k-hat is in the middle) and null for i-hat and j-hat

kxixjx=-1 (jik)fori-hat, I (the negative i-hat quaternion, noting that i-hat is in the middle) and null for j-hat and k-hat

In the curl tables (tables for cross products as complexnumbers) for third order,

(1) for the kji permutations, + j shows up in the j-hat column of kxjxix, +1 in the i-hat column of jxixkx, and +K in the k-hat
column of ixjxkx

and similarly
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(2) for the ijk permutations, — J shows up in the j-hat column of ixjxkx, — i in the i-hat column kxixjx, and — K in the k-hat column
of jxkxix

Because each of the six have only one non-null component, it makes for simple diadic expansion. For the positive triple cross
quaternion, the components are

|2xjxfx=+l = (I(ijxiAx)iA=OiA (Iijxfx)j=+1j (|2 JxTx )|2=O|2
fxixkx=+1 = (Jx1xkx)i =+1F (jxixkx)j=0] (jx1xkx)k =0k
Pxkxjx=+1 = (i <K x ] %) =0f (ixkx]x)j=0] (i xkx | x)i =+1k

Mapping components to rows, the diadic expansion of the cyclic permutations of kji, k x jx i x, jxi xKkx,and, i xKk x ] x are

000 100 000
(x ]xix=|0 1 0 jxixkx=|0 0 0 ixkxjx=[0 0 0
000 000 001

As an alternative to diadic expansion, multiplying out the diadically expanded operators of kx, jx, and ix in the relevant positive
sequences (kji =+1)

0 -1 00 0 1y0 0 0) (0 0 O 0 0 10 0 0)0 -1 0) (1 0 0
kxjxix=[1 0 0[O0 0 0|0 0 -1|=|0 1 © jxixkx=| 0 0 0|0 0 -1|1 0 0|=/0 0 O
0 0 0\-100)01 0) (000 -1 00)\0 1 0)0 0 0) (0 00O
00 00 -1 00 01} (000
ixkxjx=/0 0 -1|1 0 0|0 0 0|=[0 0 O
01 0)J0 0 0)\-100/) (001

Showing, as an ongoing theme, that it all works as it should and the diadic expansions are correct.

Seems somewhat trivial but it is worth mentioning that the sum of the cyclic permutations of jik (that is, jxixkx +kxjxix +ixkxjx)

form a basis cross product factorization of the identity matrix k x jxix+ jxfx|2x+fxl2x jx =1. This seems quite reasonable

given that they are the idempotent operators for each of the basis vectors. Their sumis I, that is, the identity matrixas an operator for
a column position vector

which is kind of trivial, and kind of not trivial. It is interesting that the identity matrixcan be considered the cyclic pe rmutation sum of
quaternion complex numbers (heterogenous basis triple cross products).

Also, another basis cross product factorisation of the identity consists of pairs of double crosses (quadruple crosses) since each
double cross has nullity 1 and their products nullity 2

000 000 100
(k2@ x)?>=/0 1 0 (i x)%(jx)>=|0 0 0 (19%(kx%=|0 0 0
000 001 000
Hence (K x)2(@i x)2 + (i x)2(] )%+ (] 92(k x)? = | . Note for example that
-1 0 0Yo 0 0) (0 0 O
(k=2 x)>=| 0 -1 0J0 -1 0|=|0 1 0
0 0 0)Jo 0 -1/ (0 0 O
and similarly for
0 0 0Y-10 0) (000 -1 0 0Y-1 0 0) (100
(i x)?%(jx)?=|0 -1 0|0 0 O0|=|0 0O and (j9%k»%*=/0 0 0|0 -1 0|=/0 0 O
0 0 -1f0 0 -1) |0 0 1 0 0-10l0 0 0/ (000
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which can also be obtained from a change of base. This also suggests cross-product/complex-number/quaternion identities. Because
(kx)2(i x)?, ((x)%(j=x)?, and (j=)?(k<)? have the same diadically expanded forms as kx jxix, i xkx jx, and jxi xk x
respectively, they are equivalent. These particular identities are therefore

@) |2><J°><iA><:(|2><)2(iA><)2 2) iA><|2><J°><=(iA><)2(j><)2 3) j><iA><|2><:(j><)2(|2><)2
A good name for these is idempotent identities for the positive triple-cross quaternions. Once one is identified, the others in a
similarity group can be identified and obtained by change of base between the principal axes. These identities also hold for polar
cylindrical and polar spherical bases. There are many more. These essentially arise from group properties as observed as commutator
sequences on Rubiks cubes (Rubiks quaternions). | envisage that these may be useful for simplifying non-commutative algebra. Some
more idempotent identities arise from matching
00O 00O 100
ix(jx)2ix =kx(jx)%kx=|0 1 0| ix(kx)?ix=]jx(kx)2jx=[0 0 0] jx(ix2jx=kx({x)?*kx=|0 0 0
00O 0 01 0 0O

with either the nilpotent quaternion triple crosses or the paired double crosses. For example,

P x (%)% % = (k x)(i x)? P x (K x)21 x = (1 x)2(] x)? Ix (9% x =] 9%k %)?
K x (] %)2K x = (K x)2(f x)? Ix(Kx)?jx=(@x)2(x)? K x (i %)2K x = (] 02 (k %)
fx(jx)zfx:IZx°xfx iﬂx(IZX)ZiAx:iﬂxkAxix jx(fx)zjx:jxfxﬁx

Kx(§x)%kx=kx jxix Ix(kKx)?]x=ixkx jx kx (i 9%k x = ] xi xK x
Useful or not for application, these are worthy of enumeration purely for academic interest. They (the identities) look good as well.
These types of identities may one day provide a means for solving god’s number for a Rubiks quaternion with an analytical formula.

For the negative triple cross quaternions (the reversed cyclic permutations, those of ijk = —1 rather than kji = +1) components for
diadic expansion are

P Jxkx=-1 = (i x | xkx)i =0f (i x xkx)j=-1j (i x ] xk x)Kk =0k
fxkxix=-1 = (jxkxjx)j=0]j (jxkxix)j=0j (jxKxix)Kk =-1K
Kxixjx=-1 = (Kxixjx)i=—1 (Kxixjx)j=0j (K xix jx)k =0k
and with components mapped to columns

0 0 O 0 0 O -1 00
Ixjxkx=[0 -1 0 Jxkxix=|0 0 O kxixjx= 0 0 0

0 0 O 0 0 -1 0 00

or alternatively for the negative quaternion triple-crosses with the relevant negative sequences (ijk = —1) of the individual crosses

00 0YO0 0 10 -1 0} (0 0 O 0 0 1Y0 -1 0Y0o 0 0) (0 0 O
ixjxkx=[0 0 -1/ 0 0 0|1 0 0|=[0 -1 0 jxkxix=| 0 0 0|1 0 0|0 0 -1|=/0 0 ©
01 0)-100J0 0 0/ (0 0 0 -1 0000 0 0/0 1 0) |00 -1
0 -1 00 0 0YO 0 1) (-1 00
kxixjx=|1 0 0|0 0 -1 0 0 0|=| 0 0
0 0 0J01 0o0)J-1 00/ (0 00

which are the same as the diadic expansions.

Summing the three negative triple-cross quaternions result in the negative of the identity matrix, i.e., a basis cross product
factorisation of the identity K xi x jx+i x | xkx+ jxKx1ix =—I

-1 00 0 0 O 00 O -1 0 O
|2xij><+f><j><|2><+j><|2><f><= 0 0 0|+/|0 -1 0|+|]0 O O|={0 -1 O
0 00 0 0 O 0 0 -1 0 0 -1

Because of the negative sign, these aren’t actually idempotent (despite the similarity with the three that are) because they osculate in
sign for powers (which make them periodic). The equivalent identities for the negative triple cross quaternions are

@) ©x jxkx=—( x)%(k»)? @) Jxkxix=—(]x)2( »)? () kxix jx=—(Kx)2(]»)?
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The exponential of the mixed triple cross quaternions, expkji, expikj, and expjik (or ciskji, cisikj, and cisjik with suggested
pronunciation sis-kay-jay-eye, sis-eye-kay-jay, and sis-jay-eye-kay) work similarly to the double crosses (cis in some sense loses its
meaning when not harmonic so the suggested pronunciation is probably better exp-kay-jay-eye, exp-eye-kay-jay, and exp-jay-eye-

kay).

Because of the similarity (of the heterogonous triple crosses) with the (homogenous) double crosses, rather than harmonic (single
crosses) or the nilpotent (heterogeneous double crosses), it is self-evident that these exponentials will be hyperbolic-like (and so
exponential damp or magnify). The difference here between the homogenous double crosses and heterogeneous quaternion triple
crosses, is that the quintessential feature of the square being neg-one holding for two axes for the homogenous double crosses
(squared complex numbers) is rather for one axis rather than two because it is the monomial power (idempotent) rather than qu adratic
power (periodic with period two) that returns pos-one (for the three positive triple cross quaternions).

The double crosses place scalar exponential attenuation factors on pairs of the diagonal, whilst the mixed triple cross quaternions
exponentials place scalar exponential attenuation factors on a single components of the diagonal (corresponding to the basis-hat to

which they correspond as an idempotent operator). For example, that for k-hat, expikj = cisikj [which is a power seires in | x K x ix]
has only the non-null term, that in the k-hat direction, and this is the identity component for k-hat. Expanding expikj in a power series

exp(HiAxIZxjx)=l+c9(fx|2xjx)+%02(f><kA><j><)2+%93(iAxI2xij+...

e column basis i-hat direction is the i-hat unit vector

fal

(07 xKx JxJi =i + 0 xKx )i + 202 xKx jxf i +..=i +00 +0f +.. =i

e column basis j-hat direction is the j-hat unit vector

o007 xKx jx)j = ] +0f xkx Jx)i + 162( xKx jxf j+.. = j+0j+0]..= ]
e column basis k-hat direction returns scalar exponential on k-hat
o0 (07 xKx JxJk =K+ 0 xkx )k + 262 ( ki fxf K 5.
K+60k+L0%K+..
(1+9+%02 +)I2
=I<A(1+9+%92+...)
=kexp(6))
The diadic expansion of the three components, mapping the components to columns, results in

1 00

exp(eka‘x jx)(-): 01 0})

0 0 ¢

Hence the exponentiation of ixkxjx for expikj is the scalar exponential placed on the k-hat component of the diagonal of the identity,
that is, on the kk' position of I.

The expansions to matrix base operators for the other two positive triple cross quaternions are similar. The three basis exponentials for
the positive triple cross quaternions as a set are

14

10 0 1 0 0 e 00
expikj@=[0 1 0 expkjio=|0 e’ 0 expjik@=| 0 1 0
00 e 0 0 1 0 01

which magnify on the idempotent entry of the triple-cross. The basis exponentials of the negative triple cross quaternions are

10 O 1 0 0 e? 00
expikid=[0 1 0 expijk6=|0 e’ 0 expkijd=| 0 1 0
00 e° 0 0 1 0 01

which attenuate rather than magnify on the exponential entry of the diagonal.

The sine and cosine basis functions (of kxjxix, jxixkx, ixkxjx) map hyperbolics to a single axis (rather than two axes for the double
crosses of (kx)? = -1, (jx)> = -1, and (ix)?> = —1). Because cosine is an even function, the positive triple cross quaternion cosines
(cosijk, cosjki, coskij) are the same as the negative triple cross quaternion cosines (coskji, cosjik, cosikj)
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10 0 1 0 0 coshd 0 0O
cosikjg={0 1 0 coskjid=| 0 coshg O cosjikd=| O 1

0 0 coshd 0 0 1 0 01

0 0 1 0 0 coshd 0 O
cosjkio={0 1 0 cosijk@={ 0 coshg O coskijg=| O 1

0 0 coshd 0 0 1 0 01

Because sine is an odd function, the positive triple cross quaternion sines (sinijk, sinjki, sinkij) differ in sign to the negatiwe triple
cross quaternion sines (sinkji, sinjik, sinikj)

6 0 0 & 0 0 sinhe 0 0
sinikjg={0 6 O sinkji@=| 0 sinhg 0 sinjik@= 0 6 0
0 0 sinhé o o0 ¢ 0 0 ¢
6 0 0 0 0 0 —sinhd 0 O
sinjkig =0 6 0 sinijk@ =0 —sinhed 0O sinkijé = 0 6 0
0 0 -sinh@ 0 0 % 0 0 @

Since any basis exponential has a Euler-type form, these similarly can also be expressed in Euler form (cisijk, cisjki, ciskij) and
(ciskji, cisjik, cisikj). The Euler forms are

10 0 & 0 0 Y0 0 O0) (10 0

cisikjezcosikj9+(cosikj@)fxI2><jx: 01 0 |[+/0 @ 0 0 0 0|=(0 1 O |=expkj®o
0 0 coshd) (0 0 sinho) 0o 0 1) (0 0 e’
1 0 0) (6 0 0)y0 00O 0 0

ciskijig = coskjig + (sinkji)j xk xi x=| 0 cosh@ 0[+|0 sinh® 0[O0 1 0[=[0 e’ 0|=expkjiod
o 0o 1) (o 0o @Jooo0) (o o0 1
coshd 0 0) (sinhé 0 0Y1 0 0) (e 0 0O

cisjiké = cosjikg + (sinjik@)jxi xkx=| 0 1 0|+ 0 6 0O 0 0|=| 0 1 0|=expjiké
0 01 0 06)000) |0 01
10 0 ® 0 0 Yo O0O0) (10 O

cisjki6 = cosjki@ + (sinjki@)j xkxix=/0 1 0 |-|0 ¢ 0 |0 0 0[=[0 1 0 |=expkio
0 0 coshg) (0 0 sinhe)o 0 1) (0 0 e
1 0 0) (6 0 0)y0 00O 0 0

cisijké = cosijké+| (sinijké)i x jxkx=|0 cosh@ 0|-|0 sinh@ 00 1 0|=|0 e 0|=expijko
o o0 1) (o o0 @)o 0) (o 0 1
coshd 0 0) (sinhe 0 0)1 0 0) (e? 0 0

ciskijo = coskijé + (coskijok xix jx=| 0 1 0|-[ 0 6 0[0 0 O|=| 0 1 0|=expkijo
0 01 0 0 #)0 0 0 0 01

They definitely look nice, although unlike those for expk, expj, and expi which are known to be extraordinarily useful (as rotation
matrices and complex exponentials), I am not sure how useful these will be. | think it is best that they are fully elucidated anyway
which is what | have decided to do here. Since any basis exponential has a Euler-type form, there are de-Moivre powers for any
basis exponential and it is self-evident here that de-Moivre powers can be taken for (expijk )" = cisijk n@ and (expjki 6)" = cisjki
nd and (expkij #)" = ciskij n@ for the positive triple cross quaternions and similarly (expkji 6)" = ciskji n@ and (expjik )" =
cisjik n@ and (expikj 6)" = cisikj n@ for the negatiwve triple cross quaternions

10 O 10 0 ng 0 0 00O
(expikj®)"=[0 1 0 |={0 1 0 |+/0 ne 0 [0 0O 0|=cosikjng+(cosikjn@)i xk x j x=cisikine)

00 e“) (0 0 coshng) (0 0 sinhngjo 0 1
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1 0
0 coshné@
0 0

coshné 0
0 1
0 0

10 0
1 0

1 0
0 coshné@
0 0

coshng 0
0 1

0 0

0 0 coshn@

o O
+

0
0=
1

ng 0 0
0 sinhng 0
0 0 no
sinhn@ 0 O
0 ng 0
0 0 no@
ng 0 0
0 n@ 0
0 0 sinhn@
no 0 0
0 sinhng 0
0 0 ng
sinhng 0 O
0 ng 0
0 0 né@

0

K x Jxi x :(I(A><)2(iA><)2

0
0
0

0
0

2023-24

— coskjing + (sinkjin@)j x k x i x=ciskji(n®)

— cosjikn@ + (sinjiknd)j x i x k x=cisjik(no)

0 | = cosjkin® + (sinjking)j x k x i x=cisjki(n)

= cosijkn&+| (sinijknd)i x j x k x=cisijk(n)

= coskijng + (coskijn@)k x i x j x=ciskijn®)

Rather than rotating on a single axis as for rotations around an Argand diagram and plane kinematics with kx and expk, it is
interesting how crossing from one axis to another introduces extensive nilpotence from the nullity in kx, jx, and ix. Although the
quaternion nilpotent triple crosses seemtrivial, they may be essential in the future for full dynamics in R®.
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